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Abstract: We report on a broad new class of A/" = 1 gauge theory dualities which relate the 
worldvolume gauge theories of D3 branes probing different orientifolds of the same Calabi-Yau 
singularity. In this paper, we focus on the simplest example of these new dualities, arising from 
the orbifold singularity C^/Za. We present extensive checks of the duality, including anomaly 
matching, partial moduli space matching, matching of discrete symmetries, and matching of 
the superconformal indices between the proposed duals. We then present a related duality 
for the dPi singularity, as well as dualities for the Fq and 1"^'^ singularities, illustrating the 
breadth of this new class of dualities. In a companion paper, we show that certain infinite 
classes of geometries which include C^/Zs and dPi all exhibit such dualities, and argue that 
their ten-dimensional origin is the SL{2, Z) self-duality of type IIB string theory. 
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1 Introduction 



One of the most remarkable achievements of the study of supersymmetric gauge theories has 
been the discovery of strong/weak gauge theory duahties, and the correspondent increase 
in our understanding of (supersymmetric) strongly coupled gauge theories. A prototypical 
example of such dualities — and indeed the most important of the M = 1 dualities — is 
the duality, due to Seiberg [1, 2], between supersymmetric QCD with Nc colors and Np 
flavors and supersymmetric QCD with Np — Nq colors, Np flavors, and additional gauge 
singlets interacting with the dual quarks via the superpotential. The duality, an infrared 
correspondence between two gauge theories which differ in the ultraviolet, allows the infrared 
behavior of supersymmetric QCD to be understood for all values of Np and Nq- 

The success of Seiberg duality has motivated a thorough study of further dualities of this 
type, ranging from natural generalizations to SO and USp gauge groups [1, 3, 4], general- 
izations with adjoint matter and a superpotential [5-7], models with antisymmetric tensor 
matter [8-11], "self-dual" theories [12, 13], to yet more complicated examples (see e.g. [14, 15]), 
in addition to the classifications of various types of confining gauge theories [16-19] where 
the confined phase has a weakly coupled dual description without a dual gauge group. 

Seiberg duality often admits a very natural and enlightening embedding in string theory, 
where it appears in the context of brane systems [20-23], the duality cascade [24-26], toric 
duality [27, 28], and geometric transitions [29, 30]. (Many of these are related manifestations 
of the same phenomenon, where Seiberg duality is realized as the effect of passing NS5 branes 
through each other in a particular T-dual picture [28].) String theory also supplies some 
contexts where Seiberg duality can be exact [26]. As such, the two fields have enjoyed a 
largely symbiotic relationship. 

Another gauge theory duality of a different nature also enjoys a close relationship to string 
theory. Montonen-Olive duality [31-33], which relates J\f = 4 super- Yang Mills to itself at 
different couplings, is directly related to the SL{2, Z) self-duality of type IIB string theory.^ In 
particular, the appearance of an SL{2, Z) Montonen-Olive duality in the worldvolume gauge 
theory of D3 branes in a fiat background follows from the invariance of the D3 under SL{2, Z), 
which nonetheless acts nontrivially on the worldvolume gauge field (as an electromagnetic 
duality) and gauge coupling (as a strong/weak duality), reproducing the action of Montonen- 
Olive duality on the gauge theory. 

Montonen-Olive duality is different from Seiberg duality in some important ways. Unlike 
Seiberg duality, Montonen-Olive duality is an exact duality, in the sense that it gives various 
superficially distinct but quantum equivalent formulations of a single physical theory, with 
each of the formulations most suitable for certain values of the Yang-Mills coupling constant. 
There is no flow wherein distinct gauge theories converge on the same infrared fixed point. 
Indeed, due to maximal supersymmetry, there is no flow whatsoever, and when one description 
is weakly coupled S-dual descriptions are necessarily strongly coupled (at all energy scales). 

^The term "S-duality" is sometimes used to refer to the entire SL{2, Z) self-duality. In this paper we will 
use it to refer specifically to the t — ^ —^/t element of the SL{2, Z) duality of type IIB string theory. 
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In this paper, we construct J\f = 1 analogs of Montonen-Olive duality.^ J\f = 1 gauge the- 
ories are interesting for many reasons: unhke J\f = 4 gauge theories, they can exhibit chirahty, 
confinement, and dynamical supersymmetry breaking, among other things. Our new class 
of M = 1 variants of Montonen-Olive duality provide an interesting counterpoint to known 
examples of Seiberg duality, while illuminating the dynamics of interesting gauge theories 
via the duality. Moreover, our examples also serve to illustrate which of the aforementioned 
features of Montonen-Olive duality are due to extended supersymmetry, and which persist 
with less supersymmetry. 

Since Montonen-Olive duality arises from S'L(2,Z) acting on the worldvolume gauge 
theory of D3 branes in a flat background, a natural place to look for analogous dualities with 
less supersymmetry is in the worldvolume gauge theory of D3 branes probing a Calabi-Yau 
singularity. Since the geometry is S'-L(2,Z) invariant, these gauge theories are expected to 
exhibit an SL{2, Z) self-duality as well. Unfortunately, there are virtually no available checks 
of this conjecture. The usual consistency checks, such as anomaly matching and moduli space 
matching, are trivial and hence meaningless in the case of a self-duality. 

Fortunately, other types of Montonen-Olive duality are possible. By placing k D3 branes 
atop an 03 plane in flat space, one obtains an = 4 S0{2k), S0{2k + 1), or USp{2k) 
gauge theory (depending on the type of 03 plane). Whereas SO{2k) is again self-dual under 
Montonen-Olive duality, S0{2k + 1) and USp{2k) are exchanged under the duality due to 
the S-duality transformation properties of the respective 03 planes [37]. Thus, in order to 
construct an = 1 analog, we will consider the worldvolume gauge theory of D3 branes 
probing an orientifolded Calabi-Yau singularity, where SL{2, Z) can act nontrivially on the 
orientifold plane, leading to dual theories with distinct gauge groups. 

While such a construction generally involves collapsed 07 planes, rather than 03 planes, 
and the appearance of fractional branes at small volume further complicates the situation, 
we argue in a companion paper [38] that S-duality nonetheless acts simply on the entire 
system. Analogously to the A/" = 4 case discussed above, we argue that the fractional 07 
planes undergo an "orientifold transition" at strong coupling, exchanging 07~ and 07^ planes 
while emitting / absorbing a number of fractional branes during the process. Understanding 
such a transition is one important motivation for our work, but we defer further details to [38]. 

There are numerous additional motivations for studying duality in this context. While 
worldvolume gauge theories on D3 branes probing (toric) singularities have been exhaustively 
studied, orientifolded singularities have received comparatively little attention. Systematic 
tools for the construction of many examples are available [39] , whereas very few examples have 
been studied in any detail (see for example [40]). Furthermore, the gauge theories we study 
are highly nontrivial chiral gauge theories with tree-level superpotentials, tensor matter, and 
a nontrivial flow. Depending on the singularity and the number of D3 branes, a range of 
interesting IR behavior arises. In particular in the limited sample of models we analyze, we 

^To our knowledge, the only Af = 1 examples of Montonen-Olive duality discussed in the literature are 
mass deformations of A/" = 4 theories (see e.g. [34, 35]) or of certain M = 2 theories with a similar 5*1/(2, Z) 
duality [36] . Our examples are not directly related to either A/" = 4 or A/" = 2 theories. 
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find a runaway superpotential, confinement with chiral symmetry breaking, a free magnetic 
phase, or a nontrivial superconformal fixed point. 

These gauge theories are also interesting from the point of view of moduh stabilization, 
as the nonperturbative dynamics of these gauge theories for sufficiently low N can lift D3 
brane moduli and potentially Kahler moduli as well. Indeed, a number of interesting Calabi- 
Yau singularities correspond to rigid shrinking divisors, whereas blown-up versions of these 
have played an important role in stabilizing Kahler moduli in geometric compactifications of 
type IIB string theory [41, 42]. Some recent results hint that an AdS/CFT description of the 
dynamics may be possible [43], though pitfalls abound due to the necessity of low N in this 
context to obtain gauge theories which are not approximately superconformal. 

The outline of our paper is as follows. In §2, we review some basic facts about Montonen- 
Olive duality which illustrate how it is distinct from Seiberg duality. In §3, we present the 
simplest example of a new duality, relating two possible gauge theories for D3 branes probing 
the orientifolded C'^/Zs singularity. We present several nontrivial consistency checks and 
discuss an example of the duality. In §4, we compute the superconformal indices for the 
proposed dual gauge theories and show that they match (up to the limits of our computational 
resources), a very nontrivial check of the proposed duality. In §5, we discuss the infrared 
physics of these gauge theories using Seiberg duality. In §6, we discuss further examples of 
the duality coming from different ten-dimensional geometries, with particular attention to the 
dPi singularity. The corresponding gauge theories can be blown down to recover the C'^/Za 
gauge theories, and exhibit interesting behavior at low A^. We also briefly discuss dualities 
which arise in the Fq and Y^'^ geometries, some of which appear to have a different origin 
in string theory, unrelated to 5L(2,Z). We leave a detailed treatment of these dualities to a 
future work. We present our conclusions in §7. 

We provide several appendices for the reader's benefit. In appendix A we review the 
language of quiverfolds, a generalization of quiver gauge theories which arise naturally in 
the presence of orientifold planes. In appendix B we review a useful mathematical tool for 
anomaly matching. In appendix C, we show that holomorphic combinations of couplings 
which are invariant under all possible spurious and/or anomalous global symmetries are RGE 
invariant. In appendix D, we show how the string coupling can be related to the gauge and 
superpotential couplings of a D-brane gauge theory by moving out along the Coulomb branch. 
In appendix E we discuss some technical details of the computation of the superconformal 
index. In appendix F, we relate the matching of certain baryonic directions in the moduli space 
of the prospectively dual C^/Za theories to a group theoretic conjecture and provide evidence 
for this conjecture. Finally, in appendix G, we relate the matching of the superconformal 
indices to a conjectural identity for elliptic hypergeometric integrals. 

In a companion paper [38] , we discuss the construction of these orientifold gauge theories 
using exceptional collections as well as details of their gravity duals, focusing on string theo- 
retic arguments that the dual gauge theories are connected by ten-dimensional S-duality. We 
also discuss the nature of the orientifold transition which seems to govern the duality, and 
construct infinite families of geometries which exhibit similar dualities. 
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2 Review of Montonen-Olive duality 



In this section, we review certain aspects of Montonen-Olive duality which will be important 
for our paper. 

Rigid = 4 gauge theories are characterized by their gauge group and by their holo- 
morphic gauge coupling, which takes the form 

for an SU{N) gauge theory. Such gauge theories are easily realized in string theory; for 
instance, the world-volume gauge theory on D3 branes probing a smooth background is 
an = 4 [/ (A^) gauge theory with holomorphic gauge coupling equal to the type IIB axio- 
dilaton, riod = Co + ie~'^, though the extended supersymmetry may be broken by irrelevant 
operators in a smoothly curved background or by relevant operators in the presence of flux 
(see for example [44, 45]). 

Montonen-Olive duality relates such a gauge theory to a dual theory at a different coupling 
under the action of the modular group, S'L(2,Z): 

r' = ^ . (2.2) 

In particular, unless the modular transformation is of the form r — )• r + n (enforcing the 
periodicity of the theta angle), it is straightforward to check that the original and dual 
descriptions cannot both be weakly coupled. The string realization of this duality, in the case 
where the gauge theory arises as the world-volume gauge theory on a stack of D3 branes, is 
the SL{2, Z) self-duality of type IIB string theory. 

It is important to bear in mind that Montonen-Olive duality is not literally a "duality" 
(a word whose root is "two"): a weakly coupled = 4 theory has not just one but an infinite 
number of strongly-coupled dual descriptions. Alternately phrased, by deforming a weakly- 
coupled = 4 gauge theory to strong coupling, we encounter an infinite number of phases 
with a weakly-coupled dual description. 

To illustrate this intricate and fascinating behavior, we observe that the modular invariant 
j(r) is approximately e"^'^*'^ at weak coupling, so that |j(T)| — )• 00 is a modular-invariant 
definition of weak coupling. A plot of \j{T)\ on the upper half plane (conformally mapped 
to a disk) is shown in figure 1. The infinite order of S'L(2,Z) leads to a fractal structure, as 
seen in the figure. Thus, the behavior of these theories at strong coupling is very rich, with 
many dual weakly coupled descriptions in the strong coupling limit, depending on the exact 
value of the theta angle. The weakly coupled dual descriptions become free as Im r — t- for 
rational values of 0/2ti, and are therefore dense along the Re r axis. 

For an SU{N) gauge group, all the dual descriptions have the same perturbative gauge 
group. ^ This is a consequence of the invariance of the D3 brane under 5L(2,Z). We now 



Globally SU{N) differs from its dual by a Zjv factor coming from its center [31]. This is compatible with 
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Figure 1. The modular invariant |j(r)| plotted across the upper half plane H, where IH is conformally 
mapped to the unit disk via w = ^p^, so that r = +ioo (weak coupling) lies at the top edge of 
the disk, t — i (intermediate coupling) in the center and r = (strong coupling) at the bottom, 
whereas the left and right edges correspond to r = — 1 and r = +1 respectively, and the Im t — 
axis spans the perimeter. The black regions, corresponding to |j(t)| < 12'^, serve to divide the plane 
into an infinite number of disjoint colored regions, each containing a subregion with a weakly coupled 
dual description (|i(T)| — c»), colored blue/purple. The superimposed curved grey lines illustrate the 
boundary of the region |Re t| < 1/2, a fundamental domain under the identification r — > r + 1. The 
transformation r — 1/t is equivalent to inversion through the center of the disk, and the shaded 
triangular region is the canonical fundamental domain for SL{2,'L). 



consider Montonen-Olive duality for SO and USp gauge groups. For an SO{2k) gauge group, 
the duals likewise have the same gauge group; equivalently, the 03^ plane is S'L(2,Z) invari- 
ant [37]. For an SO{2k + 1) gauge group, however, the dual descriptions have gauge group 
USp{2k). In string theory, this corresponds to the fact that the (r — t- — 1/t) S-dual of the 
03 — another name for an 03~ plus a single (pinned) D3 brane"^ — is an 03"*". Thus, 
S-duaUty maps 

03" + (2A: + 1) D3's — ^ 03"^ + 2A; D3's . (2.3) 

This is a well known example of what we will call an "orientifold transition" ,^ wherein strongly 

the D3 brane being invariant under 5*1/(2, Z) since the gauge group on A'' D3 branes is actually U{N), which 
is self-dual (see for example [46]). We will ignore these global subtleties in the remainder of the paper. 

''The single additional D3 brane is "pinned" to the orientifold plane because it is its own orientifold image. 
A pinned brane arises whenever an odd number of (upstairs) branes is placed atop an orientifold plane, giving 
rise to an SO{2k + 1) gauge group. 

^The term "orientifold transition" was used in a different context in [47]. We do not mean to imply that 
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SL{2, Z) triplet 

f USp{2k) ST^ USp{2k) 
i 03+ 03+ 

ST 

SO{2k) \ SO{2k + 1) 
S'L(2, Z) singlet 




Figure 2. Summary of the four gauge theories that arise from placing D3 branes on top of the four 
different 03 planes. 

coupled orientifold planes recombine with branes to form a different, weakly coupled orien- 
tifold plane. Examples of this phenomenon with fractional 07 planes and M = 1 supersym- 
metry are considered in [38] , and play an important role in the new dualities discussed in this 
work. 

The upshot of the previous paragraph is that Montonen-Olive duality relates strongly 
coupled A/" = 4 gauge theories with SO {2k + 1) and USp(2k) gauge groups to each other. 
This is not the whole story, however. Because the OS"*" and 03 are related by S-duality, 
they must form some SL{2,Z) multiplet. However, the multiplet is as yet incomplete. To 
see this, consider the S'L(2,Z) generators T : r — )• r + 1 and 5 : r — )• — l/r. The 03 is T- 
invariant; therefore ST maps 03 to 03^. However, since (ST)^ = 1, it cannot be true that 
ST maps 03^ back to 03 . We denote the ST image of 03"^ as 03"*^, where the three 03 
planes form a triplet under SL{2,7j) [37]. We summarize the resulting structure in figure 2. 

The complete action of 5L(2,Z) on the triplet is as follows: S exchanges the 03"*" and 
03 , leaving the 03"*" invariant, whereas T exchanges the 03"*' and 03^, leaving the 03 
invariant, so that ST cyclically permutes the three 03 planes. Since T is a perturbative 
duality, the 03 also gives rise to an USp{2k) gauge group, and is perturbatively equivalent 
to the 03^, the two configurations being distinguished non-perturbatively by their spectrum 
of BPS states [48]. It is possible to rephrase this by saying that the two different OS"*" planes 
give rise to the same gauge theory at different theta angles. In particular, r — )• t + 2 leaves the 
03 plane type invariant, and defines the periodicity of the theta angle in the corresponding 

our physical mechanism is the same, just that we also have a change in the orientifold type. 
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Figure 3. A schematic illustration of the phase structure of A/" = 4 SO{2k + 1) and USp{2k) gauge 
theories as a function of t, patterned after figure 1. The different colors indicate the type of the 03 
plane (and hence the gauge group) in the dual weakly coupled phase for each value of r, where red, 
blue and purple correspond to an 03 , 03+ or 03 , respectively, and the latter two possibilities are 
distinguished by requiring —1/2 < Re r < 1/2 in the dual theory. Thus, the red regions have a dual 
weakly coupled SO{2k + 1) description, whereas the blue/purple striped regions have a dual weakly 
coupled USp{2k) description. The thin grey Hues outline a fundamental region for ro(2), the self- 
duality group for the SO{2k + 1) theory. Note that the region where each dual theory is perturbative 
is most likely smaller than the colored region indicated here (see figure 1). 



gauge theory, whereas t ^ t + 1 exchanges the two 03 plane types. Thus, the gauge theories 
corresponding to 2k D3 branes atop an OS"*" and 03 can be identified with each other upon 
shifting the theta angle by a half period. 

To illustrate the nature of these dualities, we show how the weakly coupled description 
changes as a function of the holomorphic gauge coupling in figure 3. As can be seen in the 
figure, each gauge theory has additional self-dualities as well as the dualities which relate the 
different theories. For example, the self-duality group for S0{2k + 1) is the subgroup ro(2) C 
5L(2,Z) of elements (° ^) for which c is even (hence a and d are odd, since ad — be = 1), 
whereas for USp{2k) it is the conjugate subgroup consisting of elements for which b is even. 



3 Duality for C^/Z^ 

In this section, we examine the simplest of our new M = 1 dualities. In the A/" = 4 examples 
discussed above, the six directions transverse to the D3 branes form a flat or equivalently 
transverse space, leading to gauge theories with maximal supersymmetry, where the SU^A) = 
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SU(N)i 




Figure 4. The quiver gauge theory for C'^/Za. 

50(6) R-symmetry is just the rotational isometry group of M^. To obtain an = 1 theory 
at low energies, we must either switch on flux or introduce singularities. We choose to do the 
latter. 

A simple and well-known example of such a transverse space is the C'^/Za orbifold, where 
the orbifold action on the transverse complex coordinates is 

z' e^-^'l^z^ . (3.1) 

The singularity can be resolved by blowing up a exceptional divisor. Placing D3 branes 
at the singularity leads to the M = \ SU{N)'^ quiver gauge theory shown in figure 4. The 
orbifold reduces the isometry of the transverse space to SU{3) x C/(l), with the U (1) appearing 
as an R-symmetry in the M = 1 gauge theory. 

We consider an orientifold of this configuration, since, as we argued in the previous 
section, the SL{2, Z) dual descriptions of gauge theories arising from D3 branes at singularities 
all have the same gauge group and matter content. We choose the orientifold involution 
— >• — which corresponds to an 07 plane wrapping the shrunken P^. As the resulting 
configuration is essentially a Z3 orbifold of the = 4 orientifolds considered in the previous 
section, we will argue that the strong coupling behavior is closely analogous. In this paper 
we focus on the characteristics of the resulting gauge theories, deferring a detailed discussion 
of the analogy between the gravity duals to [38]. 

In appendix A we discuss in general how to "orientifold" a quiver gauge theory and apply 
this procedure to two explicit examples. In particular in §A.2.2 we study the orientifolds of 
the C^/Zs orbifold theory for the orientifold involution — )• — z*. Counting SO{2N) and 
S'0(2A^ + 1) as two separate cases, we find that there are three possible gauge theories arising 
on D3 branes probing this orientifolded singularity. They correspond to a shrunken P^ that 
is wrapped by an 07^ plane or to an 07^ plane with and without a pinned D3 brane 
respectively. 

We will argue that two of these gauge theories are dual, whereas the third is self-dual, 
analogous to the = 4 SO{2k + 1), USp{2k) and S0{2k) gauge theories discussed above. 
The dualities studied here are merely the simplest examples of a large class of = 1 dualities 
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between orientifold gauge theories, some of which we will study in detail in the current work 
as well as in [38], where we will discuss many more examples. 

The C^/Zs orientifold we discuss here was, to the best of our knowledge, first studied 
in [49-52] and recently revisited from the dimer point of view in [39, 40] and applied to the 
problem of moduh stabilization in [43, 53]. One obtains SO{N - 4) x SU{N) and USp{N + 
4) X SU{N) gauge theories for 07~ and 07^ planes, respectively. Both theories have a 
non-anomalous R-symmetry in addition to a global SU{3) symmetry, corresponding to the 
SU{3) X U{1) isometry of the transverse space. A careful analysis reveals that both models 
also have a discrete "baryonic" Z3 symmetry. The two models are^ 





SO{N - 4) 


SU{N) 


5C/(3) 


U{1)r 


Z3 


A' 


□ 


□ 


□ 


2,2 

3 Af 






1 


B 


□ 


2 4 

3 N 


-2 




USp{N + 4) 


SU{N) 


5[/(3) 


U{1)r 






□ 


□ 


□ 


2 2 

3 N 




B^ 


1 


m 


□ 


3 ^ N 





where ojn = e^'^*/", N is even, and the tree-level superpotentials are 

W = ^e.jkTrA'A^B'^ , W = ^eijk^A'A^& , (3.2) 

respectively, where A and A are superpotential couplings. 

Note that we label the discrete symmetry as a Z3 even though the cube of the generator 
is not the identity. This is because the cube of the generator lies within the Zjv or center 
of SU{N) or SU{N), so we obtain a Z3 symmetry upon composing the generator with an 
element of SU{N) or SU{N) whose cube is the inverse of the cube of the generator. This 
latter Z3 symmetry is equivalent to the discrete symmetry indicated in the charge table up 
to a constant gauge transformation.^ 

The SO{N — 4) X SU{N) gauge theories have a classical moduli space which includes 
directions corresponding to moving D3 branes away from the singularity. The gauge group 
is then Higgsed down to SO{N — 4 — 2k) x SU{N — 2k) x U{k) where k is the number of 
(downstairs) D3 branes removed from the 0-plane, corresponding to the U{k) factor in the 
Higgsed gauge group. After integrating out massive matter, the U{k) decouples from the 
rest of the gauge group in the IR, giving a separate J\f = 4 gauge theory corresponding to 
k D3 branes probing a smooth region of the Calabi-Yau cone. Meanwhile, the remaining 
SO{N — 4 — 2k) X SU{N — 2k) reproduces the original gauge theory at a different rank 

®These two gauge theories are related by a negative rank duality as explained in appendix B. 
'^In general, a discrete symmetry can be rewritten as a Zfc discrete symmetry times a constant gauge 
transformation whenever the fcth power of the generator lies within the gauge group. 
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N' = N — 2k. Thus, we see that the moduh space of the SO{N — 4) x SU{N) family of gauge 
theories fahs into two disconnected components for even and odd respectively, where all 
even theories are connected by the above process, as are all odd N theories. Similarly, all 
USp{N + 4) X SU {N) theories are interconnected by an analogous motion in moduli space, 
where must be even for USp{N + 4) to exist. 

In all, we have obtained three distinct families of gauge theories corresponding to D3 
branes probing the orientifolded C^/Zs singularity, all corresponding to the same geometric 
orientifold involution. Two of these theories, the SO{N — 4) x SU{N) theories for even and 
odd A^, are distinguished from each other by the presence or absence of a pinned D3 brane 
and its corresponding half-integral D3 brane charge, while the USp{N + 4) x SU (N) theory 
corresponds to a compact 07"*" plane rather than a compact 07~ plane. Regardless of the 
0-plane type, the seven-brane tadpole is cancelled locally by (anti-)D7 branes, and the two 
configurations have the same SL{2, Z) monodromy.*^ 

The situation is closely analogous to the three gauge theories S0{2k), SO{2k + 1), 
USp{2k) appearing in the = 4 case, and we therefore hypothesize that one of the SO 
families enjoys an SL{2, Z) self-duality, whereas the other SO family and the USp family are 
related by an 5L(2,Z) duality. In the remainder of this section and in §4, we present strong 
field theoretic evidence for the latter duality, based on the matching of various computable 
infrared observables, and explore some of its properties. 

We begin by discussing 't Hooft anomaly matching in §3.1, leading to a more precise 
statement of the proposed duality. We then provide further evidence for the duality by a 
partial matching between the moduli spaces of the two theories. In §3.2, we highlight an 
important limitation of our methods which is nonetheless linked to the nature of the duality, 
and in §3.3 we discuss a specific, finite A^ example of the proposed duality. 

We continue our discussion of these gauge theories in the following sections. In §4, we 
provide further strong evidence for the proposed duality by comparing the superconformal 
indices between the prospectively dual theories, and in §5, we discuss their infrared physics 
using Seiberg duality. 

3.1 Classic checks of the duality 

As a precursor to anomaly matching, we note that the dual theories should have the same 
global symmetry groups. In particular, for A^ or A^ not divisible by three the baryonic Z3 is 
equivalent to the Z3 center of SU{3) composed with a constant gauge transformation, and 
therefore lies within the continuous symmetry group, whereas for A^ = mod 3 the Z3 is 
distinct.^ Moreover, there is an additional Z2 "color conjugation" symmetry (see e.g. [54]) 
for the SO theory with even A^, which comes from the outer automorphic group of SO{2n). 
In net, the global symmetry group for the SO theories is SU(?>) x U{1)r x '^gci{<o,N)i whereas 
for the USp theories it is SU{2>) x C/(1)_r x Z^^^^g f^y Since the global symmetry groups must 

*We argue in [38] that the geometric duals are distinguished from each other by difTerent (S-dual) choices 
of discrete torsion. 

^In this case the center of 5*17(3) lies within center of the SU{N) or SU{N) gauge group. 
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match between dual descriptions, this suggests that the ranks of the dual pair must be related 
as follows: 



N = N + 3k, 



(3.3) 



for some odd integer k to be determined. 

It is straightforward to calculate the global anomalies for the two models. One finds 



SO{N - 4) X SU{N) theory: 



USp{N + 4) X SU{N) theory: 



5C/(3)3 


1{N-3)N 


SUi3)^U{l)R 


-1{N -3)N -6 


m% 


|(iV-3)7V-33 




-9 




1 


Z3 


1 



SU{3f 


|iV(iV + 3) 


SUi3)^U{l)R 


-^N{N + 3) -6 


ml 


|iV(iV + 3) - 33 




-9 


SU{3fZ3 


1 


Z3 


1 



Here and in future we only write the G'^'Ek and (grav)^Zfc discrete anomalies for G non- 
abelian, as the remaining discrete "anomalies" need not match between two dual theories [54] , 
and do not appear as anomalies in the path integral measure [54, 55]. We use a multiplicative 
notation for these anomalies, so that the Jacobian for the symmetry transformation in the 
path integral is r/", where n is the instanton number for the background in question and r] is 
the discrete anomaly. Thus, r] = 1 indicates a unit Jacobian, and no anomaly. ^'^ 

We see that the global anomalies of both theories match for N = N + 3, in agreement 
with the restriction from matching the global symmetry groups discussed above. In [38], we 
will see that this rank relation agrees with D3 charge conservation, as it must. Since N is 
necessarily even, this is evidence for a possible duality between the S0{N — 4:) x SU {N) theory 
for odd N and the USp{N + 1) x SU{N — 3) theory. It will also follow from the arguments 
in [38] that the SO{N - 4) x SU{N) theory for even N is self-dual. 

We now consider the moduli spaces of the prospectively dual theories, which is classically 
equivalent to the affine variety parameterized by the holomorphic gauge invariant operators 
identified under the F-term conditions and classical constraints [56]. In general, a holomorphic 
gauge invariant of the SO{N — 4) x SU (N) theory takes the form 



qNa 



(3.4) 



for some particular choice of contraction of the gauge indices. Such operators may be classified 
as "mesons" or "baryons" , depending on whether the SU{N) Levi-Civita symbol is irreducibly 
involved in the contraction of gauge indices or not, i.e. on whether the baryonic charge 



Qa = {Na - 2Nb)/N 



(3.5) 



^°In our notation, G^Xk = Hi^^^''^'' ^'^'^ (grav)^Zfc = Hi'??! where 77^ is the multiphcative charge of ith 
Weyl fermion under the generator of the discrete symmetry. 
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is vanishing or not. The corresponding f/(l)^ is anomalous, with an anomaly- free Z3 subgroup 
that was identified above: 

Q3 = oof^ , (3.6) 

where the Qa charge of a gauge invariant operator is necessary integral, since Z^v C SU{N) 
lies within the gauge group. 

No SO{N — 4) gauge invariants exist for the case Na = 1 with > 5. Thus, baryonic 
operators can be further subdivided into those with Qa > 0, which can be "factored" as 

O = {A^)'''{AAB)''\ (3.7) 

and those with Qa < 0, which can be "factored" as 

= (S^)'^i(AA5)"2, (3.8) 

for integral powers ni and 71-2. 

We will focus on the "irreducible" baryons, of the form O^^^ = A^'^ and O^jf^ = B^^ . 
These have i?-charges 

Q«(^-) = ^<=. 0«(B-) = ^*, (3.9) 

and in both cases the Z3 charge wf. "Reducible" baryons are similar, but with an additional 
i?-charge of +2 for every factor of [AAB) which appears. 

The holomorphic gauge invariants of the USp{N + 4) x SU{N) theory can be similarly 
classified, where now the irreducible baryons have i?-charges 

0«(i'^) = ^<=. Q«(#^) = ^*, (3.10) 

with the Z3 charge uj^, as before. 

In general, mesons and reducible and irreducible baryons can all be intermixed in the 
duality relations between the two theories. However, in certain cases only one type of operator 
with the correct i2-charge exists. In particular, this occurs in the following cases for the 
SO{N - 4) X SU{N) theory: 

1. For Qji < 2{N — 6) and Q3 = ^3, only mesonic operators are possible. 

2. For Q3 = oj^ and Q^ = oj^^, the minimum possible i?-charges are and ll^^z^)^ 
respectively, corresponding to the irreducible baryons B^ and B"^^ . 

Similarly, for the USp{N + 4) x SU{N) theory: 

1. For Qfi < 2{N — 3) and Q3 = io^, only mesonic operators are possible. 



'^We do not mean to imply that the gauge index contractions factorize in the indicated manner. 
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2. For = ^3 and Qs = uj^^, the minimum possible i?-charges are and i^^^-^, 

respectively, corresponding to the irreducible baryons and A"^^ . 

This suggests the matching: 

B^^A^, B^^'^A^^, (3.11) 

between the Qs = us and Q3 = lo^^ operators of minimum possible i2-charge in both theories. 
In particular, these operators must have the same -R-charge, i.e. 

3 3 ^ ^ 

which reproduces the rank relation = + 3 that we saw from the anomaly matching 
conditions. 

The SU{3) representations of these operators should also match. For A^ , the SU{3) 
representation can be determined as follows: the symplectic invariant contracts the ^'s in 
pairs, and the operator therefore factors as (^^)^/^. The B F-term condition implies that the 
nonvanishing component of the USp{N + 4) invariant A^ transforms as (B)'^)4/3-4/7v under 
SU{N) X SU{3) X U{1)r. Thus, A^ = (i2)^/2 takes the form of a "Pfaffian" of A'^, which 
is symmetric in its factors. The nonvanishing gauge-invariant component of A^ therefore 
transforms in the SU{3) representation 

Sym^/2(m) = m0smi^5...i^5m , (3.13) 

ff/2 

where (8)5 denotes the symmetric tensor product. 

For , the F-term conditions impose no additional constraints. Using the computer 
algebra package LiE [57], one can show that the gauge invariant component of B^ also 
transforms in Sym^''^(lin) for N = 5,7, 9, 11 and 13 and N = N — 3, whereas checking that 
this holds for larger N is too computationally expensive using LiE directly. Using the more 
efficient approach explained in appendix E.l we have verified agreement up to = 21. It 
would be desirable to have an argument for all N, and while we do not have a general proof, in 
appendix F we show how agreement between the SU{3) representations of A^ and B^ follows 
from a certain conjectural mathematical identity involving representations of the symmetric 
group, and we provide additional evidence for this identity. 

As a further check, we should be able to match the mesonic operators with < 2(A^ — 
6) = 2{N — 3) between the two theories. Such operators can be factored into products of 
single-trace operators of the form: 

where the F-term conditions imply that On, with Qji = 2n, is totally symmetric in its 3n 
SU{3) indices. A similar argument goes through for the USp{N +4) x SU (N) theory, resulting 
in the same spectrum of single-trace operators. 
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3.2 Limitations from the perturbativity of the string coupling 

Before turning to specific examples of tlie duality, we briefly review some general obstructions 
to having a perturbative description of the D-brane gauge theories obtained from quantization 
of open strings. For a "perturbative description", we require that there exists some energy 
scale at which the gauge theory is weakly coupled, rather than weak coupling in the infrared. 
The nature of these obstructions will also serve to illustrate how our proposed duality differs 
from Seiberg duality. 

The one-loop beta function for a supersymmetric gauge theory is given by [58] : 

where T{r) denotes the Dynkin index for the representation r,^^ Adj denotes the adjoint 
representation, and the sum is taken over all chiral superfields. If g is taken to be the 
holomorphic gauge coupling, then this result is exact, whereas the corresponding exact result 
for the physical gauge coupling depends on the anomalous dimensions of the chiral superfields. 

The one-loop beta function coefficients (the term within parentheses in (3.15)) for the 
gauge group factors of the SO theory are: 

650 = -18, bsu = 9, (3.16) 

whereas for those of the USp theory they are 

busp = 9, bsu = -9. (3.17) 

Since the beta functions for the two gauge group factors have opposite signs, neither gauge 
theory is either IR free or asymptotically free, and the perturbative description will be valid 
at most in a finite range of energy scales. More precisely, a perturbative description at any 
scale is only possible if there is a separation between the dynamical scales, Aso ^ Asu or 
^su ^ Ai/sp, along with a small superpotential coupling (A <C 1 or A ^ 1) somewhere 
between these two scales. We will work in this limit. While it is possible in principle to 
incorporate corrections which are subleading in an expansion in small Asu/Aso or Ajjsp/ Asui 
this can be very difficult in practice, and we will not attempt to do so. 

Conversely, the duality we propose partly addresses the question of what happens to the 
gauge theory in the limit where the dynamical scales have an inverted hierarchy. To see why, 
note that the string coupling is given by 

nod = [A«(^-^)A^i«(^_4)AF^(^)l , nod = ^ m [a3(^+^)a^,,„,^_,,a-^^,,J , (3.18) 



27ri 



USp{N+iY^SU(N) 



for the prospective dual theories, up to a multiplicative numerical factor within the square 
brackets. This result can be established in a variety of ways; for completeness, we present a 



^^As we shall see, all of the D-brane gauge theories considered above are strongly coupled in the infrared, 
so the latter requirement is too strong. 
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We employ the conventions T{n) = | for SU and USp gauge groups, and T(n) — 1 for SO gauge groups. 
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Coulomb branch computation of it in appendix D. The result is also intuitive: a perturbative 
gauge theory necessarily corresponds to a weak string coupling. 

The duality we propose acts as a modular transformation on riod, mapping any per- 
turbative string coupling to a nonperturbative one. Conversely, deforming to strong string 
coupling and applying the duality, we obtain a dual description with a weak string coupling. 
Thus, since the string coupling is linked to the hierarchy Asu/^SO or Ajjsp/^su, the dual- 
ity provides at least partial information about the behavior of these gauge theories with an 
inverted hierarchy Asu > ^so or Ausp > ^su-^'^ 

By contrast, Seiberg duality is generally used to understand the infrared behavior of 
a gauge theory which is perturbative at some scale, an illustration of the different natures 
of these two types of duality. While we can repeatedly apply Seiberg duality (together with 
deconfinement) to the individual gauge group factors, in our experience such an exercise never 
reproduces the prospective dual gauge theory,^^ providing further circumstantial evidence 
that the duality is not a Seiberg duality in the usual sense. Indeed, if we were able to do so, 
we would have to somehow reconcile the complicated gauge coupling relations which result 
from applying modular transformations to (3.18) with the algebraic relationships between 
dynamical scales predicted by Seiberg duality. 

With these considerations in mind, we turn to a specific example of the proposed duality. 

3.3 Case study: the SU{5) < — > USp{6) x SU{2) duality 

Since we are constrained to > 4 and > to have gauge groups of non-negative rank, 
the lowest rank duality we expect to find is between the SU{5) and USp{Q) x SU{2) gauge 
theories: 





SU{5) 


SUi3) U{1)r 






USp{6) SU{2) 


SU{3) 


U{1)r 


A' 


□ 


□ 16/15 




A' 


□ □ 


□ 


-1/3 




B 


□ -2/15 


< — y 


& 


1 m 


□ 


8/3 


W 


— ^ A (=■ 4* Tjnin;k 




w = fxn'^^.Ai^^Ai.J"^^ 


i; k 



where denotes the symplectic invariant. We characterize the classical moduli space of both 
theories, and show that both generate a runaway superpotential. 
We discuss higher rank examples in §5. 

^''While the Lagrangian definition of the gauge theory may be insufficient in this case, in principle string 
theory provides a complete definition for any A'^ via the AdS/CFT correspondence, although this definition is 
impractical for computations except in the large A'^ limit. 

^^Repeated application of Seiberg duality to these gauge theories requires a seemingly never-ending chain of 
deconfinements, leading to more and more gauge group factors. While one can imagine some of these factors 
eventually reconfining after several steps, we have not found this to be the case in our limited explorations of 
the matter. 
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3.3.1 The USp{6) x SU{2) theory 
The F-term conditions are 

= , A^^.^J'^y'-^- = . (3.19) 

The first condition impUes that all nonvanishing USp{6) holomorphic gauge invariants are 
built from 

A'^=n^\"^-Al^^Ai.^^, (3.20) 

which transforms as a □□_2/3 under SU(3) x U{l)ii. The remaining holomorphic gauge 
invariants are easily cataloged: 

B'^ = empen,&-^^^&'P<i , B = ^e,,fee„pe,,e,^S^'-"B^'=^'55'=;- , (3.21) 

which transform as CDie/s and Ig, respectively, and obey the constraint B"^ = det^B*-'. 
The second F-term condition implies a constraint relating A^^ and B"^^ . In particular, 

where we apply the first F-term condition to simplify the right-hand side. The second F-term 
condition then implies the constraint 

^ib-^fe]i ^ . (3.23) 

Thus, the classical moduli space has three distinct branches: 

1. A branch with B^^ = 0, parameterized by A^^ 7^ 0. For generic (full-rank) A^^ , 

USp{6) X SU{2) breaks to a diagonal SU{2), whereas for rank-deficient A^^ , a larger 
gauge symmetry remains: USp{^) x SU{2) for A^^ rank one and SU{2) x SU{2) for A^^ 
rank two. 

2. A branch with A^^ = 0, parameterized by B'^^ 7^ (and B). For B^^ rank two or three, 
the SU{2) gauge factor is completely broken, whereas SU{2) for B'^^ rank one. 

3. A branch with A^^ = e^'*' cosO v^v^ and B^^ = e'"''^ smO v'vK USp{6) x SU{2) breaks to 
USp{4) X U{1), except for when ^ = or ^ = 7r/2, where this branch intersects branches 
1 and 2, respectively. 

We now discuss quantum corrections to this picture. The USp{6) gauge factor is asymp- 
totically free, whereas the SU{2) gauge factor is infrared free. Thus, the infrared dynamics 
are primary governed by USp(Q) (to leading order in A[/5p(e) <C ^su{2))j which generates an 
ADS superpotential: 



where A is viewed as a 6 x 6 matrix over USp{6) x {SU{2) x SU{3)). 

We now consider the effect of the ADS superpotential on the moduh space. It is helpful 
to rewrite B in the form: 

Blnn = \e'''B,^k„ , (3.25) 

where B transforms as [] under a (fictitious) SU{Q) D SU{2) x SU{'i) flavor symmetry, which 
is broken by the constraint: 



3i h 
Jm i^n 



0, (3.26) 



as well as the (weak) gauging of SU{2). We impose the constraint via a Lagrange multiplier 
field M'^: 

W = ^-Xn'^'A^A^BMN + le^^'^B.mj.M^' + ^ , (3.27) 

where M,N index the (fictitious) SU{6). The B F-term condition is then 

A n^^Ai^^Al" = -e'""M*^' , (3.28) 

so M^^ is related to the holomorphic gauge invariant A^^ . Finally, the A F-term condition 
reads: 

~Xn-'A^BMN = (a-'Y , (3.29) 
det^ V /M 



or 



B - ^''^ 

-DMAf — — ~ 

det A 

Applying (3.28), we obtain 



~XA^nA 



(3.30) 

MN 



Bimjr. = -ji^emnMr\ (3.31) 

det A 

However, this is incompatible with the constraint (3.26). Therefore, supersymmetry is broken. 

In particular, for generic \A\ » |A~^/^Asp|, the classical superpotential dominates, and 
the classical F-terms set B = 0. We obtain a semiclassical "moduli-space" parameterized by 
A"^^ , subject to a runaway scalar potential generated by the ADS superpotential:^^ 



^®In particular, branch 1 of the classical moduli space is approximately flat for large det^'-' . While other 
approximately flat regions corresponding to the other branches of moduli space may exist, they are not semi- 
classical, in that the classical superpotential must be made to cancel the large vacuum energy arising from the 
ADS superpotential. 
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3.3.2 The SU{5) theory 
The F-term conditions are: 

A^Ai^ = , A^^B'^'^'''^ = . (3.33) 

We now characterize the classical moduli space. The first F-term constraint implies that 

{A:,)=v'ua, (3.34) 

where we may choose UaU*"" = 1 without loss of generality. Suppose that {A\) / 0. We gauge 
fix such that Ua = (0, 0, 0, 0, 1). Thus, the second F-term constraint implies 

(B^;^5) = h^v' , B^'^^ = W'^^ , (3.35) 

where a,b = 1 ... 4. 

Due to the first F-term constraint, the only possible nonvanishing holomorphic gauge 
invariant involving A is the following: 

^ijkl ^ ^i^^j; ab^k; cd ^l; ef ^^^^^^ _ (3 35) 

However, applying the above gauge-fixed forms for (A) and (B), we find that this also vanishes. 
This suggests that (A) = once the D-term conditions are imposed, which can be verified by 
an explicit computation.^^ 

Since the F-term conditions are then identically satisfied, the classical moduli space is 
the subset of that of the A = theory (without a superpotential) where {A) = 0. This theory 
is s-confining, with the confined description [16, 17]: 
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with the dynamical superpotential: 

W=j^ (^emnp TrU^'^V^^ - \e,,, , (3.37) 

^'^In fact, to show that {$) = in all supersymmetric vacua for some field <E>, it is sufficient to show that 
for every solution to the F-term conditions with {$) 7^ 0, another solution with {<I>) = exists with all 
holomorphic gauge invariants taking the same vevs. This is because the latter solution must be equivalent to 
the unique D-flat solution with the same holomorphic-gauge-invariant vevs under an extended complexified 
gauge transformation [56], but such a gauge transformation will never regenerate a vev for $. 
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up to an overall multiplicative factor, where 

= r^^pgrea,b,c,d,e,ea,b,c,d,e,B-'''''''B'-'^''^^ . (3.38) 

One feature of s-confining theories is that their classical and quantum moduli spaces match. 
Thus, the above spectrum of gauge invariants describes the classical moduli space of the A = 
theory, subject to the classical constraints, which are equivalent to the F-term conditions 
arising from the dynamical superpotential. Setting (A) = 0, we find (T) = (U) = 0, with no 
remaining F-term constraints on V. Thus, the classical moduli space of the A 7^ theory is 
parameterized by V^^ , which transforms as a CD -2/3 under the SU{3) x U{1)r preserved by 
the superpotential. This matches branch 1 of the classical moduli space of the USp{6) x SU (2) 
theory described above, and both are parameterized by the baryon discussed in §3.1. 

To obtain a quantum description of this theory, we perturb the s-confining theory (without 
superpotential) by the classical superpotential AAB,^^ which can now be written in the form: 

^class = AT? , 

which breaks SU{3) x SU{3) x U{1) — 5?7(3)diag5 but preserves [/(!)/?. One can show that 
the resulting F-term conditions cannot be solved, and therefore supersymmetry is broken [59]. 

For simplicity, we restrict our attention to the case where V^^ is full rank. We are then 
entitled to make the field redefinitions: 

\2a18 1 

T; = f; + ^6), Ur = Ul^--^XA^e^^%-iK (3.39) 
The resulting superpotential is 

w=j9 '^^^ [Ttuiv^' + ^mru!T) + ^ {utu^ - urut') + ■ (3.40) 

To show that there are no F-flat solutions, we first show that T = [/ = is the only solution 
to T and U F-term conditions for full-rank V. Note that in this case, V^^ can always be 
brought to the form V^^ oc 5^^ after a complexified SU{2>) transformation. As the F-term 
conditions are appropriately covariant under this complexified symmetry transformation, it 
is sufficient to show that T = J7 = is the only solution for V^^ = zd'^K 
In this case, the T F-term conditions reduce to 

eijfc?7^=0, (3.41) 

so that JJ^j^ = U'^^ . The U F-term conditions are: 

= ^ [e,n^fl z + e,,uU'^Ur) + ^ (f/n™' + Ur " ^knUr - SkmU:) . (3.42) 

^*There may also be instanton corrections to the superpotential, due to the completely broken SO{N — 4) 
gauge group. These are subleading for gr^ ^ 1 and vevs ~ Asu, but could play a role for very large vevs. 
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Extracting the component which is symmetric in n f-)- m, we obtain 



f>l""^ - SkinU'r^) = (3.43) 

after applying the T F-term condition. Contracting with 5km we find J7j* = 0, so the above 
condition reduces to 

Together with the T F-term condition, this is sufficient to show that U = 0. The remaining 
components of the U F-term condition then imply that T = 0. By the above argument, these 
results apply for arbitrary (full-rank) V. 

Having solved the T and tJ F-term conditions for T and U, we may "integrate out" these 
fields, leaving the effective superpotential: 

\3 Al8 

= (3.45) 

for V^^ , which has no F-flat solutions and generates a runaway scalar potential, much like the 
USp{6) X SU{2) theory. 



4 Matching of superconformal indices 

In this section we discuss another very nontrivial test of the proposed duality: the matching 
between the superconformal indices of the two gauge theories. The discussion is inherently 
somewhat technical in nature, and readers primarily interested in the gauge theoretic conse- 
quences of the proposed duality may wish to skip ahead to §5. 

Superconformal indices for A/" = 1 theories compactified on x M [60, 61], while being 
a relatively recent development, have already provided important insights into the topic of 
dualities. In particular, equality of the superconformal index provides very strong support 
for a number of known and conjectured Seiberg dualities between J\f = 1 theories [62-71] and 
S-dualities in A/" = 2 [72-75] and = 4 theories [76] . It also proves to be a very useful tool 
in the study of holography [61]. In this section we will present evidence for the agreement 
of the superconformal indices of the dual pair of theories presented in section 3. As we will 
see momentarily, the agreement relies on extremely non-trivial group-theoretical identities, 
providing very strong support for our conjectured duality. 

It is not our intention to give a detailed discussion of the superconformal index here 
(we refer the interested reader to [60, 61, 63, 68] for very readable expositions of the topic), 
but we will briefly review in this section the basic elements that enter into its computation 
in order to settle notation. Consider a four dimensional theory compactified on x M. 
The superconformal algebra has generators J±, Js, J±, Js (associated to rotations on the 
S^), supersymmetry generators QaiQai translations -P^, special superconformal generators 
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Kf^, Sa, Sa, superconformal dilatations H and the U{1) i?-symmetry generator R. Define 
Q = Qi, which imphes [61] Q'^ = Si. The superconformal algebra then gives: 

2{Q\Q} = H -2J^-^R = n. (4.1) 

The superconformal index is then defined by: 

Tr(-l)-^e-''^M, (4.2) 

with F the fermion number operator, and M any symmetry commuting with Q and Q^. Let 
us choose M to be generated by 7^ = i? + 2 J3, J3, and gauge and flavor group elements 5, /. 
Introducing appropriate chemical potentials, the refined index is thus given by: 

X(t,x,/) = j cigTr (-l)^e-^«t^x2^V<?, (4.3) 

where we have integrated over the gauge group in order to count singlets only (we will have 
more to say about this integration below). It was argued in [61] that, exactly as in the case 
of the Witten index [77], the index (4.3) receives contributions only from states annihilated 
by Q and Q\ and thus the index does not actually depend on /3, which plays the role of a 
regulator only. 

In order to actually compute (4.3) we follow the prescription in [62], which gives a system- 
atic way of computing the superconformal index in terms of the fields in the weakly coupled 
Lagrangian description of the theory, when one is available. For a general weakly coupled 
theory T with gauge group G and flavor group F, neither necessarily simple, and matter fields 
Xi with superconformal i?-charge in the representation R^q ® Rp oi G x F, not necessarily 
irreducible, one constructs the letter 

. (2t^-t(x + X"l))xAdj(g) 

^^(^'"'^'^^ = (l + t.)(l + tx-i) 

(4.4) 



+ 



Here t, x, g, f are the same as in (4.3). xnig) denotes the character oi g in the representation R, 
and we denote with bars the complex conjugate representations. Once we have the letter (4.4) 
for T, the superconformal index Ij- is obtained by taking the plethystic exponential, and 
integrating over the gauge group: 



d^exp ^-^r(^^a:^<?^/^ 
.k=i 

Here dg denotes the Haar measure on the group G}^ 



(4.5) 



^^We refer the reader to [78, 79] for nice references to the Lie group representation theory that we will need. 
We will give explicit expressions for the Haar measure of the groups of interest to us in section 4.2. 
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We will thus compute the index in a weakly coupled, non-conformal description of the 
theory, and will assume that this gives the right index for the theory at its (presumed) 
superconformal fixed point in the IR. In the case of the theory compactified on S^, one can 
argue [80] that since the index is independent of the radius r of the 5'^ it is independent of 
the dimensionless rA coupling, and thus it is invariant under the RG flow and changes in the 
coupling constant. In order for this to be the case, we need to choose M in (4.2) constant 
along the flow, and in particular it should agree with the value of M at the IR superconformal 
fixed point. In particular, we need to choose the right value of the superconformal iti-charge 
— determined using a-maximization [81], for instance — in constructing M. 

Ideally, one would compute a closed form expression for (4.5) in the two dual phases, and 
then show that the two expressions agree for all N. Unfortunately we have not been able to 
prove the equality of the resulting indices, but in sections 4.1 and 4.2 we will provide very 
non-trivial evidence for the matching of the functions in two particularly tractable limits. The 
exact matching will thus remain a well motivated conjecture about elliptic hypergeometric 
integrals, which we formulate precisely in appendix G. 

4.1 Expansion in t 

The first limit corresponds to an expansion around t = 0. Expanding (4.5) is elementary, but 
the integration over the gauge group requires some more advanced technology. In particular, 
one needs to use orthogonality of the characters under integration: 

J dg XRS9)XRT{g) = Sij ■ (4.6) 

where Ri and Rj are irreps of G. When expanding the plethystic exponential (4.5) one 
encounters expressions of the form (we will deal with higher powers of g momentarily): 

j dgxRM---XRM- (4.7) 

By using the well know property of the characters XRi{g)XR2i9) = X-Ri®i?2(5)) then 
plugging the resulting expression into (4.6) with the second term being the character of the 
trivial representation (i.e. just 1), we obtain that (4.7) just counts the number of singlets in 

Rl (g) . . . (g) Rn. 

When expanding (4.5) we will also encounter terms of the form xr{9^)- The act of 
decomposing such terms into characters of irreducible representations with group element 
g is known as applying the n-th Adams operator A„ to R. As an example, consider the 
fundamental representation □ for SU{N), which has character :^^ 

N 

Xn{9) = Y.ti, (4.8) 
1=1 

^"characters for representations of Lie groups can be worked out systematically using the Weyl character 
formula, see for example [78]. 
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where ti are the elements of g on the maximal torus of SU{N). Similarly, for the symmetric 
m and antisymmetric representations we have: 

N 

Xm{9)= Yl ^ih+Y.^h (4.9) 

l<i<j<N 

It is thus clear that A2(n) = — [], or in terms of characters: 

Xnig^) = Xrnig) - XQ{g) ■ (4.ii) 

Proceeding systematically in this way, one can decompose the plethystic exponential, up to 
any order, into sums of products of characters of irreps, which can then be easily integrated 
over the gauge group. The flavor characters can be dealt with similarly, and we will give 
the final results in terms of irreps. In the flavor case it is particularly important to do the 
decomposition into irreducible representations since there are important cancellations between 
terms, we will give an example below. 

When the problem is formulated in this way the rest of the computation is conceptually 
straightforward, but doing this by hand quickly turns impossible, and the aid of computer sys- 
tems is required for doing any non-trivial computations. We took advantage of the computer 
algebra package LiE [57] for doing the relevant group decompositions and Adams operations, 
and the mathematics software system Sage [82] for the polynomial manipulations.^^ 

With this technology in place, the actual computation of the indices is straightforward, if 
lengthy. We obtain perfect agreement of the indices between the two dual theories in section 3 
up to the degrees that we checked. In particular, for SO{3) x SU{7) o USp{8) x 5C/(4), we 
obtain the index: 

I^SO/USpit, X,f) = l + d [xoMf) + X4,o(/)] 

+ tl [2xo,4(/) + 2X2,0(/) + X3,l(/) + 2X4,2(/) + X8,o(/)] 

+ t^x + x-^) [xoM) + X4,o(/)] ^4_;L2) 

+ t^[4 + SxoM + XiAif) + 5X2,2(/) + 3X3,3(/) 

+ 2x4,i(/) + 3X4,4(/) + X5,2(/) + 4x6,o(/) + XeM) 

+ X7,l(/)+2X8,2(/)+Xl2,0(/)] + ••■ 

where we have omitted terms of higher order in t. We have denoted the SU{3) representation 
by its Dynkin labels, so for example the representation with (2,2) Dynkin labels can be 



described as — ^ in terms of ordinary Young tableaux. Notice that, as we were indicating 



The actual code we used for the calculation can be downloaded from 

http : / / cern. ch/ inaki/SCI .tar . gz 
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before, even at this relatively low order the matching of the indices is very non-trivial, with 
rather complicated character polynomials appearing. Furthermore, the agreement is only 
obtained after some rather involved group theory cancellations. As a particularly simple 

2 

example, consider the is term. In the USp{8) x SU{A) theory the relevant contribution after 
doing the gauge integration is of the form: 



^USp{x,t,f) 



2 
t3 



+ \xuif') 



+ 



(4.13) 



where we have ignored terms of other orders in t. On the other hand, the corresponding 
expression for the 50(3) x SU{7) theory is given by: 



Isoix,t,f) = ti 



^Xlif) + ^X^{f)Xn{f) - lxn{f)Xnif) 



Xn{f)Xn{f)Xn{f) + ^Xu{f)Xn{f) 



(4.14) 



+ ^xdf)xdf) + \xdf) 



+ 



again ignoring terms of different degree in t. We clearly see that both expressions look rather 
different, and only agree after using some non-trivial group theoretical identities involving 
the Adams operator. 

One can proceed similarly for other ranks. As we have seen in section 3.3 reducing the 
rank leads to a runaway theory, so we will restrict ourselves to larger ranks. In particular 
we have calculated the superconformal index for 50(5) x SU{9) o USp{W) x SU{Q) and 
50(7) X 5[/(ll) o USp{12) X SU (8) up to order and found in both cases perfect agreement. 

It is interesting to construct explicitly the states that are annihilated by Ti and therefore 
contribute to the superconformal index (4.3). They are the scalar components of the chiral 
multiplets, the right-handed chiral fermions in the complex conjugate representation as well as 
the gauginos and field strengths of the gauge groups. The superconformal index counts gauge 
invariant combinations of these fields and we can explicitly construct these combinations to 
check our result (4.12). For the SO{N — 4) x SU{N) theory the fields that contribute are 



Field 


SO{N - 4) X SU{N) 


SU{?>) 


t exponent 


SU{2)r 




(□,□) 


□ 


3 ^ Af ^ ' 


l + l 




(i,B) 


□ 


3 AT ^ ' 


l + l 




(□,□) 


□ 


3 N ^ 


l + l 




(^■S) 


□ 


3 -1- jV ' 


l + l 


\SO 


(B^i) 


1 


l + l 


I® [1 + 2) 






1 


2 + 1 


{l + l)® {l + l) 


\SU 

\l) 


(l,Adj) 


1 


l + l 


I® {I + 2) 


^(0 


(l,Adj) 


1 


2 + 1 


{l + l)® {l + l) 
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where the SU{2)r column denotes the representation under the SU{2) group that is generated 
by J±,J3- 

For the 50(3) x SU{7) theory we then find the following gauge invariant contributions 
for low powers of t:^^ 



operator 


t exponent 


9 T 


SU (3) character 




2 

3 





XoMf) + X4,o(/) 




4 
3 





2X0,4(/) + 2X2,0(/) + X3,l{f) + 2X4,2(/) + X8,o(/) 




5 
3 


±1 


XoMf) + X4,o(/) 




2 





1 




2 





1 


^(O)V'fo) 


2 





1 + Xi,i(/) 




2 





1 + Xi,i(/) 


(^(0))^-S(o) 


2 





1 + Xi,i(/) 




2 





3 + 3xo,6(/) + XiAf) + XiA(f) + 5X2,2(/) + 3X3,3(/) 
+2X4,1(/) + 3X4,4(/) + X5,2(/) + 4X6,0(/) + X6,3(/) 
+X7,l(/)+2X8,2(/) + Xl2,0(/) 



where O"^ denotes taking the m-th symmetrized tensor product and []™ taking the m-th anti- 
symmetrized tensor product. Taking into account the factor (—1)'^ we find perfect agreement 
with (4.12). 

Likewise we can check the gauge invariant contributions for the USp{8) x SU (4) theory. 
We again find perfect agreement with (4.12) as is shown in detail in appendix E.2. 



4.2 Large N 

Using the tools given above, one can go as high in N and t as desired, limited only by 
computing resources and patience. In this section we will approach the computation of the 
index from a complementary perspective, namely we will compute the index in the dual pair 
of SO{N - 4) X SU{N) and USp{N + 1) x SU{N - 3) theories when N ^ co, following the 
discussion in [61, 63, 80]. 

Let us start by taking the large N limit of the Haar measures for group integration over 
the ABC Lie groups appearing in our construction. Starting with SU{N), the explicit form 
of the integral of a gauge invariant function f{g) (such as a function of group characters) over 

^^For the operator (_B(qj)^^ a direct computation of the representation under the flavor group takes very 
long so that we devised a refined method that is explained in appendix E.l. 
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the group is given by [63]: 



/ 



1 f ^T-r dXi 



dgfig) = JfJll 2-^A(x)A(x-i)/(x) , (4.15) 



with A{t) = Yli^jiti — tj), and the integration can be taken to be on the unit circle around 
Xi = 0. Parameterizing x = e*^, the integral (4.15) can be equivalently rewritten as: 

J dgfig) = ^ / n A(e^^)A(e-^)/(0) . (4.16) 

Using now that X^nLi x^/n = — log(l — x), this can be conveniently rewritten as: 

/ = ]^f2^ / n ^^.exp (-f:lY.-'''^''-'A m. (4.17) 

^ k=l \ n=l i^j J 

Let us point out in passing that this expression, modulo some constant factors, can be also 
rewritten as 

/ dgfig) ^ fl[d0k exp (- -XAdj(e*"')') fid) , (4.18) 

k=l \ n=l " / 

where XAdj(e*"'^) denotes the character of in the adjoint. This structure also applies to the 
USp and SO cases we analyze below. 

In the large A'^ limit, we replace the sum over eigenvalues Y2i with a continuous integral 
N J da. We also have that 9 becomes a continuous function ^(q). It is convenient to change 
the variable of integration to 9 itself: J da ^ J d9pi9), where we have denoted the Jacobian 
pi9) = da/d9. Doing these changes, we have that at large N: 

i^j i i (4.19) 

^N^ ( f (i0«e*"M ( f d9pe-'''^] - N . 



In what follows we will drop constant terms (those independent of p) for simplicity, we will 
account for their effect by fixing the normalization of the final result. It is also convenient to 
introduce, as in [63], pn = N f d9pe'"'^. With these chan ges, we have that: 

^ein{e.-e,) ^ |^^|2^ (4.20) 

and the integration becomes simply a product of complex gaussian integrals: 



oo „ 
Hid'pnUip)^ [d'p]fip). 



n=l 



(4.21) 
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where we have introduce some convenient notation, and imposed unit normaUzation for the 
large N measure: J[(Ppn] 1 = 1- 

We can proceed similarly for the other cases of interest to us. For the USp{2N) group, 
the Haar measure is given by: 

/ d9fi9)=^^f [U^i-^ - -J'f^ Aix + x-rm. (4.22) 

By an argument very similar to the above, we can rewrite this as (ignoring constant prefac- 
tors): 



j=l L n=l k 



(4.23) 



It is thus natural to introduce 7 = da/dO as before, and to define the real variable 7„ = 
A'^ J d6^{6) (e*"^ + e"*""^). The resulting measure is again an infinite product of (real, in this 
case) Gaussian integrals, which when properly normalized can be written as: 



/ dgf{g) 



00 , 

nd7, 
— exp 



.n=l 



'2Tm 



2n 



(7n + 1) 



/(7) 



(4.24) 



Finally, for S0{2N + 1), the process works very similarly to USp(2N). The integration 
over the gauge group is given by 



dgf{g) 



(-1) 



N 



2^N\ 

which at large A'^ becomes 



N 

n 



dxj 
2mx-i 



(4.25) 



/ dgf{g) 



00 , 

nd-f, 
^ — exp 



.n=l 



'2Tm 



2n 



{in - if 



f{l) 



^ j\{[din]f{i)^ J mm 



(4.26) 



where we have introduced 7,^ = 1 + J" d9'y{9) (e*""^ + e"*""^). We have chosen to shift the 
definition of 7„ by 1 in order to make the argument for the equality of the indices below more 
straightforward. 
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In order to rewrite the superconformal index (4.4), (4.5) at large N, we need to find out 
the large N limit of the characters of the representations appearing in our theory. Consider 
for instance the symmetric representation of SU{N). Its character is given by: 



1 / 

Xm(a;) = XiXj +^x^ = ^ 

i<j 1=1 y 



N 

2 



ij^j I i=l 



2 N 
i=l 



(4.27) 



Introducing p„ as before, this can be rewritten as: 

xUx)^\{pl + P2). (4.28) 

Other representations can be treated similarly, let us just quote the results that we will need. 
For SU{N) we have: 

X5l/,n(x") = ^xr^Pn, (4.29) 

i 

^ 1 

XSud'^n = E ^"^i - E ^ 2^Pn - P2n) , (4.30) 
i<j i=l 

id 

For USp{2N) we have: 

XuspAxl = Y.(^7 + ^ In , (4.32) 

i 

XuSpA^iixn = ^ix^x] + x^xj- + xr-x^ + x'^xj-) + ^(x^ + xr^^) + N 



i<j 

■ ^(7n +72n) , 



(4.33) 



and similarly for SO{2N +1): 

XsoAxl = E« + ^^"") + 1 ^ 7n , (4.34) 



XsoA^iixn = + ^"^7" + ^r'^^i + x^x-n + i:(xr + xr-) + AT 

i<j i 

1/ 2 N 
^ o(7n-72n). 



(4.35) 



The equality of the indices at large N between the SO x SU and USp x SU cases 
now follows from a simple redefinition of the integration variables: p„ o —pn, In ^ —In- 
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Indeed, under this change of variables, for the measures of integration we have that [c?^/?] 
stays invariant, while [d'y]so gets exchanged with [d'y]usp- Similarly, we have that X50,Adj ^ 
X(75p,Adj> the symmetric and antisymmetric characters of SU get exchanged, and the character 
of the bifundamental, given by Pn^n, stays invariant. This is precisely the map between the 
two dual theories. 

It is also instructive to compare the result of the large A'^ computation in this section 
with the low N computations in the previous section. From the discussion in subsection 3.1, 

2N 4 

baryons start contributing at order t~~ , and thus disappear in the large limit of the 
expressions above. The mesonic contributions have N independent t exponent, and survive 
the limit. This means in particular that the t expansion becomes independent for large A^. 
As an illustration, for A^ = 15 we find that the direct low A^ computation and the large A^ 
computation agree up to order 5 in the t expansion, with the result: 

^SO/USpit, X, /) =1 + t2 (/) + 1] 

-t3(x + x-i)[xi,i(/)+X3,o(/)] 

- tHx' + x~')[xiAf) + X3,o{f)] .^3g. 
+ t'[xo,3(/)-2xi,i(/) + X6,o(/)] 
-t'{x' + x-^)[xiAf) + X3,o{f)] 

+ t'{x' + [xoM) + 2X2,2(/) + 2X4,l(/) + X6,o(/)] + . • • 

In addition to the physical arguments for the duality presented in the rest of this work, 
we find the "experimental" evidence for the agreement of the indices presented in this and 
the previous subsection compelling enough to conjecture the equality of the indices for all 
values of A^: 

lusp = Iso ■ (4.37) 

In appendix G we reformulate this equality in terms of elliptic hypergeometric integrals. This 
leads us to a conjecture about elliptic hypergeometric functions that could potentially be 
proven along the lines of [83]. 

5 Infrared behavior 

We now discuss the infrared behavior of these gauge theories, and what it implies about our 
proposed duality. 

Before turning to specific examples where the infrared behavior can be determined using 
Seiberg duality, we first note that the string coupling (3.18) is constant along the RG flow, 
i.e. it is "exactly dimensionless" (its exact quantum-corrected scaling-dimension vanishes). In 
the large A^ limit, this result follows from the no-scale structure of the supergravity dual. At 
finite A^, this is a consequence of the fact that the string coupling (3.18) is invariant under the 
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complexified (spurious and/or anomalous) flavor symmetries of tfie gauge theory, as explained 
in appendix C.^"^ 

The fact that riod is exactly dimensionless can have important consequences for the 
infrared behavior. Generically, this implies that the infrared fixed point is actually a fixed line 
parameterized by riod- The string coupling therefore maps to an exactly marginal operator at 
the superconformal fixed point. The appearance of such an operator should not be a surprise: 
as we saw in §2, an 5-L(2,Z) duality generally incorporates self-dualities relating each gauge 
theory to itself at different values of the couplings, whereas it has been suggested that the 
occurrence of self-dualities is closely tied to that of exactly marginal operators [13, 36], with 
the corresponding deformation interpolating between the dual descriptions in the infrared. 

Thus, in general the two fixed points reached by the dual theories in their respective 
perturbative regimes will occur at different locations along a line of fixed points parameterized 
by the string coupling. Since the theories are connected by a continuous deformation, the 
global anomalies, the superconformal index, and the topology of the moduli space should 
match between the two fixed points, provided that a discontinuous "phase transition" does 
not occur in between; we have argued that these data do indeed match in §3 and §4. 

In some cases, the infrared behavior may be different. In particular, the string coupling, 
despite being exactly dimensionless along the fiow, does not always correspond to a deforma- 
tion of the fixed point. Instead, the fiows may converge to a single fixed point; this can happen 
when the string coupling becomes ill-defined at that point, for instance when its constituent 
couplings approach some limit. As a toy example, consider an SU{N)'^ gauge group with Np 
(□,□) © bifundamental "flavors" and no superpotential. If Np > 3, then the two gauge 
theories are infrared free, whereas 

is an exactly dimensionless coupling. However, while (5.1) is constant along the fiow, as 
31 — )• the difference between the gauge couplings gi and §2 also fiows to zero, and in the 
deep infrared the theory is free, independent of the initial values of the couplings. In these 
cases, since the string coupling is irrelevant at the fixed point, the infrared physics should not 
depend on riod, and the two fixed points should be the same, as in Seiberg duality. 

We now consider specific examples. In §3.3, we saw the both the SO and USp theories 
have a dynamically generated runaway superpotential for N = 5 {N = 2). We now attempt 
to determine the infrared behavior of these gauge theories for larger values of N. 

It turns out that the USp theories are in general somewhat more tractable than the SO 
theories, so we focus on the former, extracting predictions for the IR behavior of the latter. 
We begin by discussing the cases N = 7 and N = 9 in §5.1 and §5.2, respectively, where the 
infrared behavior can be determined using known dualities. In §5.3, we speculate about the 
infrared behavior for > 9. 

■^^This is closely related to the criteria for an exactly marginal operator at the superconformal fixed point [84] . 
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5.1 The USp{8) x SU{4) theory 

The prospective dual theories for = 7 are: 





SO{3) 


SU{7) 


SU{3) 


Uil)R 




USp{8) 


SU{4) 


SU{3) 




A' 


□ 


□ 


□ 


20 
21 


A' 


□ 


□ 


□ 


6 




1 


B 


□ 


2 
21 




1 


m 


□ 


5 
3 



We focus on the USp{8) x SU (4) theory, showing that it has an infrared-free dual description 
with a quantum moduli space. 

The IR dynamics of this theory are particularly easy to describe, as the USp{8) factor is 
s-confining, leaving an SU{4) = SO{6) gauge theory in the confined description which can be 
Seiberg dualized to obtain an IR free description. 

The dynamics of the s-confined USp{8) can be described in terms of the meson 

M^-^ = n^'^AiAi , (5.2) 

with the superpotential 

W=^PfM, (5.3) 

Sp 

where the indices I, J parameterize a fictitious SU (12) C SU{4) x SU(3). M decomposes 
into irreps ^ and <I> transforming as (rn.n) and ^[],rn^ under SU{4) x SU(3), respectively, 
where the superpotential now takes the form 

W^-^{^^ + ^^^ + ...) + ~XAsp^B , (5.4) 
^Sp 

where we suppress the index structure for simplicity, and we absorb a factor of Agp into the 
definition of $ and ^ to make them dimension-one fields. Thus, * and B acquire a mass and 
can be integrated out, leaving the superpotential 

W^-^^\ (5.5) 

where the remaining terms are exactly those generated by the Pfaffian for = 0. 

It is now instructive to rewrite the gauge group S'[/(4) as 5*0(6), under which the $ 
transform as a vector. The gauge-invariant meson <I>^ transforms as i i i i | 0/3 ^ m | 2/3 under 
SU{3) X U{l)]i, corresponding to the baryon yl^ in the original theory. In terms of this meson, 
the superpotential takes the form: 

(($2)3 + det $) , (5.6) 
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where we suppress the index structure and numerical prefactors for simphcity, and det $ 
denotes the fone SO{6) baryon, which is automatically SU{3) invariant. 
Applying Seiberg duality, we obtain the 5'0(4) gauge theory: 





50(4) 


SU{3) 


Uil)R 
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2 
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1 


1 1 1 1 lem 


2 
3 



with the superpotential 



(5.7) 



where A 



-^j^ — <I>^. The baryon det <I> in the superpotential (5.6) maps to a glueball 

^1 ^Sp 

e^^^^WijWki in the dual theory [1], which causes a splitting between the two gauge couplings, 
Ti and T2, of the SU{2) x SU{2) = 50(4) gauge group. Performing scale matching at each 
step in this chain of dualities, we find that 

where riod is the ten-dimensional axio-dilaton, which is related to the other couplings by 

Thus, the splitting between the gauge couplings, (5.8), is nonperturbatively suppressed at 
weak string coupling. 

We now consider the infrared behavior of this theory. Since the beta function coefficient of 
50(4) vanishes, the theory has a free fixed point. We argue that this fixed point is attractive. 
The exact beta functions are:^^ 



^9 



7Q 



1 



/3(Ai) = 7^Ai7^ , /3(A2) = -X2{7A + 27q) , 



where jq and 7^ are the anomalous dimensions of Q and A, which take the form 

3 



7Q 



+ 



k2\X2\^ 



192^2 16^2 ^2j, ^-^27r2 3367r2 

at the one-loop level, where we use the one- loop result (see e.g. [85]) 



nikx\X\'' 
167r2 



Att'' 



-C{n 



(5.10) 



(5.11) 



(5.12) 



for a chiral superfield in the representation of the gauge group G, where 0(r) = 
|G|T(r)/|r| is the quadratic Casimir operator, W = A^Qj^"' with X^i'^i — 3' ^'^d k\ is a 



The argument given here is somewhat of an oversimphfication since A is not an irrep, and therefore Ai and 
A2 correspond to more than one physical couphng. However, it is straightforward to account for the additional 
complications which arise in a more careful treatment. 
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positive real constant which depends on the index structure and normalization of the super- 
potential, which we will not need to compute. 

A weakly-coupled flow can be approximated as follows. The gauge coupling does not run 
at one loop, so we initially treat it as a constant, whereas the superpotential couplings run 
to the "fixed point" ki\\i\^ ~ and k2\\2? ~ 2S{gl + gl). Thus, 

iQ^-i^ial + gl), (5.13) 

at the end of the one-loop flow. The remainder of the flow occurs more slowly, at the two-loop 
level, and can be approximated by substituting (5.13) into the beta function (5.10), giving 

in the weak-coupling limit, where two-loop running can be treated adiabatically with respect 
to one- loop running. Thus, the gauge couplings (and hence A2) run to zero in the infrared, 
and the theory becomes free. 

This is one example where the string coupling (5.8, 5.9) is an irrelevant deformation at 
the infrared fixed point, as discussed previously. This is consistent because the string coupling 
corresponds to a ratio of couplings which remains constant as the flow approaches the infrared 
fixed point, and therefore the exactly dimensionless coupling parameterizes a family of flows, 
all of which converge to the same free fixed point. 

While the chain of dualities we have employed to arrive at this infrared-free description 
is valid at weak string coupling, the above discussion suggests that the infrared fixed point is 
perturbatively independent of the string coupling. If this persists nonperturbatively, then the 
same 50(4) gauge theory should also describe the infrared behavior of the 5*0(3) x SU{7) 
gauge theory. It would be interesting to pursue this point further. 

We now consider the moduli space of this theory. The F-term conditions take the form: 

IuklmnA'^'^A^''' + SabQIQ^j = , ^"Q'j = , (5.15) 

where / and J index the six components of a □□ of SU (3), so that A^'^ = A"^^ , and Tijklmn is 
an appropriate SU{3) invariant. The first equation fixes the 5*0(4) meson in terms of A'^. 
Since the 5*0(4) baryon obeys a classical constraint of the schematic form (Q^)"^ = (<3^)^, 
its vev is fixed in terms of that of the meson up to a sign, and therefore the classical 
moduli space is locally parameterized by the gauge invariant A, corresponding to the baryon 
discussed in §3.1. 

However, not all A vevs can be extended to solutions to (5.15). In particular, the complete 
F-term conditions imply the following constraints on A: 

IiKLMNpA'''A''^W'' = , cof {IuklmnA'^'^A'''') = , (5.16) 

where cof denotes the matrix of cofactors, the first constraint arises upon contracting the first 
condition from (5.15) with A'^^ and applying the second condition, and the second constraint 
follows from the classical constraint that {Q'^)ij has rank at most four. 
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One can show that the constraints (5.16) are necessary and sufficient for a choice of 
to exist which satisfies (5.15), and therefore characterize the classical moduh space of 
the theory. However, we have not yet demonstrated that any nontrivial solutions to these 
equations exist. Moreover, the quantum moduli space may differ from the classical moduli 
space if, for instance, an F-flat A vev with (Q) = gives a mass to too many flavors, generating 
a dynamical superpotential. 

To address these issues, it is more convenient to write the superpotential as 

W = det A'^''' + ciAjAmA'^''' + C2 det A^j + [a'^^' + e''''^ e^'^ Amn) SabQ-jQli , (5.17) 

in a non-canonically-normalized basis, where A^^^^ and Aij denote the irreducible i i i i and 
\JJ components of A, respectively, and 

det M^--^^ = • • • • • • M^-'H^p). , (5.18) 

denotes an SU (d) invariant formed from d copies of a 2p-index tensor M which generalizes 
the determinant of a matrix, ci and C2 are numerical prefactors corresponding to exactly 
marginal couplings, whose explicit values can be determined by relating A^ to the Pfaffian 
superpotential generated by the s-confinement of USp{8). An explicit computation gives 
ci = - | and C2 = |. 

It is now straightforward to find directions in the classical moduli space. For instance 
(^1111) / with all other vevs vanishing satisfies the F-term conditions. As this gives a 
mass to only one 50(4) flavor, this suggests that this direction is part of the quantum moduli 
space, which is therefore nonempty. It would be interesting to better understand which parts 
of the moduli space defined by (5.16), if any, are lifted by quantum effects. 

In summary, we find that the USp{8) x SU(4:) theory has a dual description with a free 
infrared fixed point and a quantum moduli space. Our proposed duality would seem to imply 
that the SO{3) x SU (7) theory has these features as well, and it would be interesting to check 
this in more detail to gain a better understanding of the proposed duality. 



5.2 The USp{W) x SU{6) theory 

The prospective dual theories for = 9 are: 
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^^UIijklmnA^'"A^'^ has (maximal) rank four, then the Q* baryon is nonvanishing, and the moduli space 
has two branches corresponding to the sign of which are related by the spontaneously broken Z2 outer 
automorphism of 50(4). 
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We focus on the USp{10) x SU{6) theory, showing that it has a Hne of infrared fixed points 
including a free fixed point and a quantum moduh space. 

We Seiberg-duaHze the USp{10) gauge group to obtain the theory 
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with the superpotential 



W 



(5.19) 



after integrating out massive matter. The beta function coefficients for both gauge groups 
vanish, and the (exactly marginal) string coupling takes the form 



1 



TlOd 

We find the exact beta functions 



In 
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/3(5: 



167r2 1 - 3(7ip/87r2 ' ^^^'^"J ^ _ Sgl^/Air^ 

where the anomalous dimensions 7^ and 7^ take the form 



^24g47riTSpg27rjTsu 



(5.20) 



/3(A) = -A(270 + 7V>), 
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5767r^ 
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14407r2 67r2 



(5.21) 



(5.22) 



at one loop, applying (5.12). As in §5.1, we separate the flow into one-loop and higher-loop 
portions. At one loop, the gauge couplings do not run, and the superpotential coupling runs 
to the "fixed point" 



A:|A|2~30(21ffiu + %Sp) 



Thus, after the one-loop running, we have 

,2 2 



70 



967r 



^ 2 (^5su - 9sp) , 7^ ^ ^ (5sp - 7<?su) 



(5.23) 



(5.24) 



Putting these into the beta functions for the gauge couplings, we obtain 

I5g? 
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^Sp 



(sip - 7ffsu) ' /3(fi'su) 



^su 



'167r' 



2^2 



(7ff^u-5y , (5.25) 



under the same assumption of adiabaticity as before. 
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By inspection, we see that -|- + -3— is constant along the two-loop flow under the stated 
assumptions. Indeed, this combination corresponds approximately to the exactly marginal 
coupling (5.20) along this flow, 

+ ^ > (5-26) 

since the logarithm of the superpotential coupling, fixed by (5.23) in the adiabatic approxima- 
tion, is small compared to l/g'^- Thus, the two-loop fiow lines lie along contours of constant 
— I — and converge on the fixed line ~ '^dsv ^^'^ ^I^P — 240^1^, with the final 
position along the fixed line dictated by the string coupling, as in (5.26). 

Since the superpotential coupling and theta angles define one physical phase among them, 
there is a complex line of infrared fixed points parameterized by riod, where weak string 
coupling corresponds to a weakly coupled gauge theory and vice versa. Thus, unlike the 
previous example, the string coupling corresponds to a marginal deformation at the infrared 
fixed point, and affects the physics there. As such, we cannot readily infer the complete 
infrared behavior of the prospectively dual 50(5) x SU{9) theory from the above treatment, 
as this corresponds to a portion of the infrared fixed line which is strongly coupled in the 
USp{A) X SU{6) description. 

5.3 The infrared behavior for > 9 

While the N = 7 and = 9 examples treated in §5.1 and §5.2 are distinct in a number 
of ways, they both share the feature that the infrared physics is perturbatively accessible in 
some dual description, i.e. that there is a weakly coupled dual description, at least for certain 
values of the string coupling. We now ask whether this can hold more generally, for A^ > 9. 

At any free fixed point, all the fundamental chiral superfields will have dimension one 
and the corresponding superconformal R-charge +2/3. If we assume that no accidental U{1) 
symmetries appear along the fiow, then the superconformal R-charge of gauge invariant op- 
erators can be determined via a-maximization [81], whereas the assumption of a free fixed 
point requires that the R-charge of such an operator be an integer multiple of 2/3. 

Indeed, since an arbitrary gauge invariant of the SO theory takes the form (3.7) or (3.8), 
it is easy to check that all such operators have R-charge Qr = |n for n > and N > 7, 
whereas a similar argument applies to the USp theory for A^ > 4. This is suggestive and 
nontrivial evidence for a free fixed point, which we have already shown to occur for the cases 
AT = 4,6. 

If such a fixed point exists, the U{1)^ and U{l)ji anomalies further constrain its form. 
In particular, a collection of A^^ chiral superfields with Qji = +2/3 interacting via a gauge 
group G have the following anomalies 

U{1)% = \G\-^N^, U{1)r = \G\-In^. (5.27) 
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Therefore, 
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{U{lfj,-U{l)n) . 



(5.28) 
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-N{N -3) -81 



(5.29) 



for the case at hand. Conservation of the superconformal R-charge imphes that the semi- 
simple component of G must have vanishing beta function coefficient, whereas any U{1) 
factors must decouple. 

Even if we assume that G is semisimple, for large there are many possible product 
gauge groups which can reproduce the dimension formula (5.29). One possibility, which 
explains the pattern for all > 7, is 



However, for any fixed A^, there remain many possible spectra for this gauge group with 
vanishing beta function coefficients. While there are many further consistency checks one can 
apply to any specific candidate description, no obvious candidate presents itself. Moreover, 
the possibilities are yet broader if we allow for accidental U{1) symmetries. 

Should such an infrared description be found, it would be interesting to understand if it 
has a direct string theory interpretation, e.g. in terms of branes. We leave further study of 
the infrared behavior of these theories to a future work. 

6 Further examples 

So far we have focused on a single example of a new M = 1 SL{2, Z) duality which arises 
on the world volume of D3 branes probing the orientifolded C^/Za singularity. While this 
example is closely analogous to the known A/" = 4 examples, making the parallels easier to 
grasp, it is but one example of a previously unexplored class of dualities of this type. In 
this section, we aim to briefly illustrate the breadth of this class, and also to point out other 
new dualities which arise from D3 branes probing orientifolded singularities but which appear 
to be of a different origin. We focus on a few simple examples, and defer further examples 



We begin by discussing the Calabi-Yau cone over dPi (a real cone over y2,i-j^26 -^yj^igj^ 
provides a simple, non-orbifold example of the SL(2, Z) dualities we have focused on. The 
resulting gauge theories are related to the C^/Zs theories by Higgsing, and exhibit interesting 
infrared physics. We discuss anomaly matching, moduli space matching, and Higgsing for all 
N, before treating a specific example where the quantum moduli spaces can be shown to 
match exactly. 

■^^See [86, 87] for more on the infinite class of Sasaki-Einstein manifolds known as the V'''. 




(5.30) 



to [38]. 
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Figure 5. The left side sliows tlie quiver gauge theory for dPi, with the involution of interest indicated 
by the dashed line. The resulting quiverfold (see appendix A) theories for the two sign choices are 
shown on the right. 



We then briefly discuss two other non-orbifold examples given by the Calabi-Yau cones 
over y^'*^ and y^-O^^T i^q^j-^ Qf which exhibit diff'erent, more compHcated patterns of duaUties. 

6.1 Complex cone over dPi 

We begin by considering the complex cone over the first del Pezzo surface dPi, which can be 
obtained by blowing up at a point. We are interested in orientifolds of this configuration 
corresponding to a compact 07 plane wrapping the del Pezzo base. As shown in figure 5, only 
one involution of the parent quiver exists which satisfies rule I of appendix A, up to the choice 
of fixed element signs. Moreover, only two choices for these signs lead to theories which can 
be anomaly free without the addition of noncompact "fiavor" D7 branes. As we show in [38] 
using brane tiling methods, these involutions also satisfy rule II and lead to superpotentials 
which inherit the SU{2) x U{l)x x U{\)r geometric fiavor symmetries of the parent theory, 
as expected for a compact 07 plane. 

The two possible sign choices lead to the orientifold gauge theory 
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(6.1) 



W = €ijTi [B'A^Y + XA'ZA^] 



The real cone over Y^'" is the same as the Calabi-Yau cone over the zeroth Hirzebruch surface Fo 



(6.2) 
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as well as the theory 
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(6.3) 



with superpotential 

W = eijTi [B'A^Y + XA'ZA^] , (6.4) 

where in either case the gauge indices are cyclically contracted. Henceforward, for want 
of a better label we refer to these theories as "Theory A" and "Theory B", respectively. 
For ease of presentation we have chosen a basis for the R-symmetry which does not satisfy 
a-maximization, as the superconformal R-charges are irrational. 
We find the following global anomalies: 
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where the C/(l)^, U{1)^, U{1)b, and U{l)x anomalies vanish in both theories and we use 
a multiplicative notation for the S'C/(2)^ Witten anomaly, much like that used for discrete 
symmetries in §3.1. 

^*Up to charge conjugation of the global U{1)b this theory is the negative rank dual of the first theory (see 
appendix B for details on negative rank duality). 
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We see that the anomahes match between the two theories for N = N — 2 provided that 
N is odd. For even the SU{2)^ Witten anomahes do not match, and the theories are not 
dual.29 

For completeness, we also present the a-maximizing superconformal R-charge, which is a 
linear combination: 

= U{1)r + axUil)x + aBU{l)B ■ (6.6) 
A-maximization in theory A gives 

a\-8ax + 4: 

'^B = —r, — (iV-1 , (6.7 

4{ax - 4) 

where ax is a solution to the quartic equation 

= {N- l)2(a^ - 4)[3a^ - 16ax + 4] + 16(2ax + l){ax - 4)^ , (6.8) 
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in the range ax G §(4 ~ V^)), whereas exactly one solution lies in this range for any 

> 1. For example, we obtain approximately 

s Q in 11 19 1 

(6.9) 

The result for = 5 is exact, giving ax = and as = —1. For large N, ax asymptotically 
approaches |(4 - ^/Ts) ^ 0.263. The same considerations apply in theory B upon replacing 
iV-l^iV + 1. 

In the following sections, we explore the prospective duality for odd N. We will also have 
more to say about the case of even in the next section. 

6.1.1 Moduli space and Higgsing 

We begin by considering the mapping between the moduli spaces of the two theories, which 
is equivalently expressed as a map between the holomorphic gauge invariants subject to the 
F-term conditions. 

To obtain this map, we consider certain "minimal" operators, i.e. operators whose U (1) 
charges cannot be obtained as the sum of the U{1) charges of two or more nonvanishing 
operators. Operators of this type can only mix with other minimal operators under the 
duality, whereas generically no two minimal operators share the same U{1) charges, leading 
to a unique matching between the minimal operators of the dual theories. 

To find minimal operators, we begin by classifying irreducible "gauge-invariant" mono- 
mials in the fundamental fields, i.e. formal products of the fields (disregarding gauge-indices) 
which are neutral under the I^n-a x '^n or Z^_|_4 x gauge-group center, and which can- 
not be factored into two or more gauge-invariant pieces. The resulting finite list generates 



^^One can also show that holomorphic gauge invariants do not match between the two theories. For instance, 



the B-theory operator Z^'^^'^^^'^, defined for even N, has no dual in the A-theory. 
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all gauge-invariant monomials, a subset of which will correspond to actual gauge-invariant 
operators. Using this classification, it is possible to show that certain candidate operators are 
minimal. 

Using these methods, we obtain the following minimal operators in theory A for odd A^: 
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(6.10) 



where 2 < p < ^^^2^, {x\y)"' denotes a monomial of degree n in a; and y, and we employ a 
slightly different basis for the U{1) charges: 

N-l 

U{iyx = Uil)x + ^^Uil)B, C/(l)'« = C/(l)fi-C/(l)B. (6.11) 
A similar analysis in theory B for odd A^ gives 
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(6.12) 



Thus, the spectrum of minimal operators appears to match between the two theories for 
N = N — 2, a highly nontrivial check of the proposed duality.^'' 

Several comments are in order. Firstly, while this may not comprise a complete list of 
minimal operators, one can show that all of the listed operators are minimal, and that no 
other minimal operators share the same U{1) charges, so the matching is reliable. Secondly, 
to obtain this matching, it is necessary to carefully account for the structure of the gauge- 
index contraction as well as the F-term conditions. For example, consider the operator 
2;N-4-p(j2xy_ Each A factor must appear in the combination X"^"'Y^Y^, which is therefore 
antisymmetric in the SU{N — 4) indices. Since is symmetric, a gauge invariant index 
contraction exists if and only if an even number of XY^ factors appear, i.e. if and only if p 



^°It would be instructive to also compute the 517 (2) representations of these operators. 
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is even. By contrast, in the operator z'^^^^P{Y'^Xy the symmetry properties are reversed, 
and an even number Z factors must appear, i.e. p must be odd (since N is odd). 

These particular operators are also interesting in that they correspond to Higgsing to 
the dPo theories studied in §3. In particular, the operator z^~^'^^(Y'^X)'^'' corresponds to 
Higgsing the A theory SU{N - 4) x SU{N) to SO{N - 4 - 2/c) x SU{N - 2k), whereas the 
operator ^^+3-2fc(-y2^>)2fc+i corresponds to Higgsing the B theory SU{N + 4) x SU{N) to 
USp{N + 3 — 2k) X SU{N — 2k — 1).^^ Consistent with the proposed operator mapping, we 
observe that the resulting theories are related by the duality proposed in §3. This is another 
nontrivial consistency check. 

At this point, it is also instructive to consider the behavior of the even-A'^ theories under 
Higgsing. Turning on a vev for z^~'^~'^''{Y^X)'^^ once again corresponds to Higgsing theory 
A to SO{N — 4 — 2k) X SU{N — 2k), where now the resulting theory is conjectured to be 
self-dual under S-duality, suggesting that the A theory for even N is also self-dual. However, 
things are quite different in the even-A^ B theory. Here, the simplest Higgsing, corresponding 
to the operator Z^^+^)/^, breaks 5f7(iV + 4) x SU{N) to USp{N + A) x SU{N), where now the 
resulting theory is not a singlet under S-duality, inconsistent with self-duality for the parent 
theory, while on the other hand there is no candidate dual for the parent theory. 

We hypothesize that the even-A^ B theory is inconsistent in string theory, potentially due 
to an uncanceled K-theory (discrete) tadpole. This suggestion is further supported by discrete 
torsion arguments presented in [38], which suggest the existence of only three distinct orien- 
tifold gauge theories in this geometry. We hope to verify this through explicit computation 
of the K-theory tadpoles in future work. 

Having discussed some generic features of the proposed odd-A duality, we next discuss 
a particularly tractable example with a deformed quantum moduli space. 

6.1.2 Case study: the SU{5) i — > SU{7) x SU{3) duality 

The lowest rank example of the proposed duality between the A and B theories is for N = 5. 
This example turns out to be particularly tractable, and we now show that the dual theories 
have biholomorphic quantum-deformed moduli spaces. The SU{7) x SU (3) theory turns out 
to be somewhat more intuitive, so we begin by discussing this theory, after which we briefly 
explain how to show that the SU{5) theory has the same moduli space. 

Theory B We consider the B-theory SU{7) x SU{3): 

'^'^Note that from this viewpoint, the dPo theories enjoy an unbroken Z3 baryonic symmetry precisely because 
they are obtained by turning on a vev for an operator with Qb = 3. 
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with the superpotential: 



1 



W = \ eijTr [B'A^Y] + —eijTr [XA'ZA^] 
All possible SU{7) gauge invariants are products of the following: 



(6.13) 



where a,b,... index SU{7), m,n,... index SU{3), and I,J,... index a fictitious SU{Q) D 
SU{3) X SU{2). There is a classical constraint: 
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(6.15) 



where we define 
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f M*2J2 AfWn 



for a 2n X 2n antisymmetric matrix M*-^ and "Pcf" stands for "Pfaffian cofactor", since for 
M invertible it takes the form PcfM = (PfM)[M~^]'^, much like cofM = (det M)[M"^]^ for 
an arbitrary invertible matrix M. 

The classical constraint is quantum modified to [88] 



le^np(.PciZ)ijy'"^y'^QP - (PfZ)cI> = A^t/(7) 



(6.17) 



This equation describes the quantum moduli space of the SU (7) gauge theory when we take 
the SU{3) gauge coupling and superpotential couplings to zero. 

We now account for the finiteness of these couplings. In particular, the superpotential 
couplings give a mass to certain components of y and Z, so that on the moduli space we 
must have 
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where rrii = m + 3{i — 1) indexes the fictitious SU{6). Since the LHS of (6.17) contains only 
SU{3) baryons built from SU{3) fundamentals, SU{3) is completely broken everywhere in 
the moduli space, leading to a confined description where the effect of gauging SU (3) is to 
remove 8 Higgsed degrees of freedom and their superpartners. 
Thus, the moduli space is parameterized by the operators: 
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subject to the gauging of SU (3) and the quantum-modified constraint. Therefore, the 
dimension of the moduli space is: 

dimTW = 19-8- 1 = 10. (6.19) 

Since all operators are neutral under C/(l)^, there is an unbroken f/(l)'^ everywhere in the 
moduli space. 

A complete list of SU{3) gauge invariants formed from these four fields is: 
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Since there are a total of 16 invariants, still subject to one modified constraint, we conclude 
that there are five further "classical" constraints relating these SU{3) composites. To make 
these constraints explicit, we define: 

Qi^iy^^Z}, (6.20) 

•^^Note that this spectrum has an SU{3)'' gauge anomaly, but this is fine because 5(7(3) is completely broken 
on the moduli space. Adding an SU(J) flavor to the original theory and s-confining leads to an anomaly free 
spectrum for 5(7(3). Upon adding a mass for the additional flavor, one obtains a tadpole in the s-confined 
description, whereupon the additional fields are set to zero by the F-term conditions, leaving the moduli given 
here. 



-45 - 



where A indexes a fictitious SU{b) D SU{2) x 50(3), and = \afjZ'A with the SU{2) 
50(3) conventions: 

a, //oi\ /o-A /l \1 . 



10/ \ i / \ -1 



(6.21) 



The classical constraints then take the form: 

[Q']ab[QQ]^ = 0, 6^^^^^[Q3]^b[Q3]^,5 = 0. (6.22) 

Although both equations appear to have five components, examining small fluctuations about 
a background with Q 7^ satisfying these constraints gives only three independent constraints 
from the second equation, and a further two from the first, for a total of five constraints, as 
expected. 

We define: 

^^deiZZ, ^j, = 3^;,[cof^r, ^le,je^^^y„,yiZ^ , (6.23) 

= Qry\n , = Q™^m • (6.24) 

In terms of these gauge invariants, the classical constraints becomes: 

5r$i_^i$" = 0, eij¥^^^ + eap^^^^^ = 0, (6.25) 

and 

= , ^-^^ - ]^e''^^ eij¥p^ = . (6.26) 

After a somewhat longer computation, we find that the quantum modified constraint takes 
the form: 

i^'^iaf^ - c^c.^" - 2^$^- = Ait/(7) • (6.27) 

Together, (6.25, 6.26, 6.27) completely describe the deformed moduli space of the quantum 
theory. 

The maximal unbroken flavor symmetry is SU{2) x C^(l)^_|_x ^ ^(l)k' which is attained 
when we take <I> and ^ to be nonvanishing with all other fields vanishing. We can then solve 
the constraints to eliminate ^>*, and <^: 

$^ = 1m/L^", m- = ^e-P^e.,^^p^^ cI> = _LaM^^^, (6.28) 

whereupon the remaining constraints are trivially satisfied. The light modes along this line 
are therefore: 





SU{2) U{l)'s+x 
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402 -1 
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3 2 






One can check that the global SU (2) x f^(l)^^x ^ ^ ("'^)/? anomalies match those of the original 
description, as expected. 
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Theory A We now consider the dual theory: 
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with the superpotential: 

W = \ eijYmAiB^"'^ + ^eijZA^AiX"''' . (6.29) 
As reviewed in §3.3.2, taking W ^ 0, the SU{5) gauge theory has an s-confined description: 
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yiJ = ijs 
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with the dynamical superpotential: 

W = l, [euKTlU^V^^^ - \euKU'-^'^U'fU^-ii^ , (6.30) 

where I, J, . . . = 1, 2, 3, and we omit an unimportant U{1) global symmetry under which only 
the additional singlet Z is charged. 

Thus, deforming the resulting theory by the tree-level superpotential, we obtain: 

W = ^, [euKTlU^V^^^ - \euKU'-^'^u' fu^-^'^ + XTl + U tI , (6-31) 

where . . . = 1,2. The superpotential partially breaks the flavor symmetries of the pure 
s-confining theory In particular, S'C/(3)a x S\J{?>\ SU{2) x U{l)a x U{l)b where [/(!)« 
and f/(l)fe denote the diag(l/3, 1/3, — 2/3) elements of each 5?7(3), and the unbroken U{1) 
linear combinations are: 

C/(l)'^ = U{lf^ - 2U{i)a , U{1)b = C/(l)g^ - 3t/(l), , U{1)'^ = U{l)a + U{l)b . (6.32) 

^^Reference [89] discusses a similar theory in the context of dynamical supersymmetry breaking. 
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The F-term conditions now read: 
1 

A9 



rpIj/MK ^ jtI;MjtK;N 



0. 
0. 



0, 



0. 



(6.33) 



It is straightforward to show, using the Grobner basis algorithm, '^^ that solutions to these 
equations must satisfy: 



0, Z = 0, 



3:1 



0, U 



0, U 



0, U'f 



0. 



(6.34) 



We decompose the nonvanishing fields as follows: 

= 6, 



Tj-i-d — ^ j j ai _ ^ ij l a _ l i aj 
3 ^"af^k 'ra^k ' 



(6.35) 



where if)'^ = il^aejk, our remaining conventions are given in (6.21), and the fields transform as 
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under the global symmetries. 

The F-term conditions involving nonvanishing fields are: 



ttI;J ^/MK . \\9d _n. ^ Tji-J TrMk 



, eikU '^(7 'j 



0. 



(6.36) 



Applying the above decomposition and simplifying, we eventually obtain: 

= 0, - ^e^^^-V'^V'^ 

-AA^. 



0. 



Upon replacing: 
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4 ^ a ) 
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(6.37) 



(6.38) 



for some mass scale m, we recover the exact constraint equations for the moduli space of 



theory B for A^^ 



-iXm^A^jj^^y Thus, the moduli spaces are biholomorphic. 



■^''We use the Elimination [] function of the Stringvacua package [90], which uses SINGULAR [91] for com- 
putations. 
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Figure 6. (a)-(b) The two Seiberg-dual quiver gauge theories for Fq. The red dashed lines indicate 
orientifold involutions compatible with the 5'/7(2) X S'J7(2) isometry of the base, (c) The S'[/(2)xS't7(2)- 
preserving anomaly-free quiverfolds that result from oricntifolding these theories. 



6.2 Complex cone over F'^ 

We now consider the Calabi-Yau cone over Z2 orbifold of the conifold which 

is the same as the real cone over y^'". As shown in figure 6(a)-(b), there are two different 
toric"^^ quiver gauge theories ("phases") which describe D3 branes probing this singularity. 
These theories, which we denote by phase I and phase II, are related by Seiberg duality on 
one of the nodes. 

In the C^/Zs and dPi examples studied previously, there was only one toric phase, and 
we found a duality relating two different orientifolds of that phase which differed by ex- 
changing SO and USp groups and symmetric and antisymmetric tensor matter, a "negative 
rank duality" as explained in appendix B. We argue in [38] that these dualities relate to the 
SL{2, Z) self-duality of type IIB string theory. Interestingly, negative rank duality also partly 
"explains" the pattern of = 4 dualities between SO and USp theories, suggesting that 
it may have some physical interpretation relating to Montonen-Olive duality and its A/" = 1 
analogues. 

By contrast, for the Fq orientifolds we now study, the negative rank duals are either 
trivially equivalent or related by Seiberg duality. Instead, we find a nontrivial duality between 
orientifolds of the two different phases. Although the two phases are related by Seiberg duality 
in the parent theory, the resulting orientifolds are not obviously related in this way, giving 
yet another new field theory duality. '^^ 

As in our previous examples, we wish to consider orientifolds corresponding to compact 
07 planes wrapping the base Fq. This is equivalent to the requirement that the orientifold 
preserves the SU{2) x SU{2) isometry of the base. Only the involutions pictured in figure 6(a)- 

■^^In this context, a toric quiver gauge theory is one for which the number of arrows entering and exiting 
each node is the same. 

■^^We cannot eliminate the possibility that a chain of deconfinements, duahzations, and reconfinements might 
relate the two theories via known dualities, but we have not been able to find such a chain. 
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(b) do so, and of the fixed-element sign clioices compatible with SU{2) x SU{2) invariance, 
only one choice for phase I and two for phase II lead to anomaly-free theories, giving the 
theories pictured in figure 6(c). 

Notice that the sole orientifold of phase I is its own negative rank dual, whereas the two 
orientifolds of phase II are related by negative rank duality. As we shall see, the latter two 
theories are Seiberg dual upon dualizing the left-node. We now discuss the orientifolds of 
each phase in turn, providing evidence for a duality between the orientifolds of the different 
phases. 

Phase I 

We obtain the orientifold theory: 





SU{N-2) SU{N + 2) 


SU{2)i SU{2)2 U{1)b U{l)n ^2 


B' 


□ □ 

m 1 
1 B 


^ 1 N 1 6 , , 

^ 2 ^2(N-2) 

1 n 1 1 1 3 , ,-2 

^ U 2 1 N-2 ^2{N-2) 

^ ^ N+2 2 N+2 ^ 



(6.39) 



with superpotential given by 

W = e^jeklTI [a'B''A^&') . (6.40) 

For odd A^, the Z2 discrete symmetry is gauge equivalent"'^ to the Z2 center of SU{2)i, 
whereas for even A it is a distinct global symmetry. Thus, the global symmetry group is 
actually SU{2)i x 5^7(2)2 x U{1)b x U{1)r x Zg^i^2,N)- 

Calculating the global anomalies for this theory one finds that U{1)b = U{1)^ = 
U{1)b U{l)'j^ = 0. The other anomalies are 



SUi2)l^, 




SU{2)1^,U{1)b 


±N 


SU{2)1^,U{1)r 


-|(iV2 + 8) 




-2 


m% 


1 A2 - 34 


U{1)r 


-10 


SU{2)l'L2 


(-1)^ 


SU{2)l'L2 


-(-1)^ 


Z2 


1 



■^'^See [38] for a more detailed, brane tiling-based derivation of these orientifolds. 

^*Here and in future by "gauge equivalent" we mean that the two generators are related by composition 
with a (constant) gauge transformation, see the discussion at the beginning of §3. 
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where as before we use a multiplicative notation for discrete and Witten anomalies (see §3.1). 
Note that the anomalies are invariant under — )• — combined with a charge conjugation 
of the global U{1) symmetry group. This invariance corresponds to taking the negative rank 
dual as explained in appendix B. While it led to two different gauge theories in the previous 
examples, one can check that in this case it maps the above theory to itself. 

Phase II 

We obtain the orientifold theory: 
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SU{2)i SU{2)2 U{1)b U{1)r Z4 
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(6.42) 



with superpotential 

W = CijekjTv (^A'C^'''B'^ , (6.43) 

as well as the theory 
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(6.44) 



with superpotential 

W = eijekjTv (^A'C^'''&^ . (6.45) 

For odd N, the Z4 discrete symmetry is gauge-equivalent to the Z2 center of SU {2)i, whereas 
for iV = 4A; + 2 the Z2 C Z4 subgroup is gauge-equivalent to the Z2 center of SU {2)i, 
and for N = Ak the Z4 is a distinct global symmetry. Thus, the global symmetry group is 
SU{2)i X SU{2)2 X U{1)b X U{1)r x Zgrf(4,^). 

It is straightforward to check that these two theories, which are related by negative rank 
duality, are also related by Seiberg dualizing the SU (A^ib4) gauge group factor and integrating 
out massive matter. 
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Relationship between the two phases 

To see whether the orientifolds of the two phases may be related by some kind of duality, we 
compute the global anomalies: 









1 AT 


SU{2)j/,U{l)R 


-l{N^ + 8) 
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U{1)r 


-10 


SU{2)lZi 
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1 



where the remaining anomalies vanish. For simplicity we do not display the anomalies of 
the Seiberg dual theories separately; one can verify that they match as expected. More 
importantly, we see that the phase I and phase II orientifolds have matching anomalies for 
odd A^phase I = -^phaseii- For even the global symmetry groups do not match, and the 
theories are not dual.'^^ 

It is interesting to understand better the nature of this prospective duality between 
orientifolds of the two phases. We will present evidence in [38] that the embeddings in string 
theory for the two phases are related as in realizations of ordinary Seiberg duality, so we 
can expect the nature of the duality relating the two phases phases to be an infrared duality 
closely analogous to it. However, we emphasize that this duality is not obviously derivable 
from known examples of Seiberg duality. In [38], we also argue that the action of IIB S-duality 
on the D-brane configuration describing each phase reproduces the field theory dualities inside 
each phase that we just studied: it is a self-duality in phase I and it exchanges the two theories 
in phase II. 

6.3 The real cone over Y^''^ 

Before concluding, we present one final example of new dualities relating the world-volume 
gauge theories of D3 branes probing a Calabi-Yau singularity. Much like the Fq example stud- 
ied above, this example exhibits interesting new patterns of dualities which appear distinct 
from the C3/Z3 and dPi examples discussed previously. 

■^^ Although the global symmetry groups match for N — 2k + 2, hy removing a single D3 brane we reduce 
N ^ N ~ 2, after which the global symmetry groups no longer match, so there is no duality for even A'^. 
One can also show this by constructing holomorphic gauge invariants in one theory with no dual in the other 

N + 2 

theory, for example the phase I operator C 2 . 
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(a) Phase I 



(b) Phase II 



Figure 7. Two of the five Seiberg-dual toric quiver gauge theories for y*'°. The red dashed hues 
indicate the orientifold involutions we will consider. 
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SU{N + 4) 



SU{N - 4) 




SU{N + 2) 



SU{N - 2) 



SU{N + A) 



SU(N-2) SU(N + 2) 

Lb 




SUiN + 4) 



SU{N) 



II 



Figure 8. Quiverfolds for the anomaly-free orientifold gauge theories we will consider, arranged by 
the parent quiver and involution used to generate them (see figure 7). The phase II quiverfold has a 
negative rank dual which is not pictured, as it is manifestly Seiberg dual to the quiverfold which is 
shown. The phase I quiverfolds are "self-dual" under negative rank duality. 



We consider the real cone over V^'^ which, like the cone over Y"^'^ considered above, is an 
orbifold of the conifold. There are five toric quiver gauge theories which describe D3 branes 
probing this singularity,^'^ all of which are Seiberg dual. We focus on the two phases pictured 
in figure 7 and on the involutions also pictured there. 

For simplicity, we restrict our attention to the anomaly-free orientifolds pictured in fig- 
ure 8. One can show that these orientifolds correspond to compact 07 planes, and preserve 
the full SU{2) X U{\)x x U{l)ji isometry group of V^'^. We now briefly discuss each of 
the three theories in turn, after which we illustrate a potential duality between them using 
anomaly matching. 

''"See [92, 93] for a classification of the toric phases of D3 branes probing a y-'' singularity. 
*^Two of the remaining three phases also admit involutions, and several of the resulting orientifold theories 
are manifestly Seiberg dual to those considered here. 



Phase I, Involution a 

We obtain tlie orientifold theory: 



SU{N + 4) SU{N) SU{N) SU{N - 4) 



A' 

Pl2 

Pl3 
pi 

P24 
P34 



1 

□ 
□ 
1 
1 
1 



1 
1 

□ 
1 
□ 
□ 
1 



1 
1 
1 

□ 
□ 
1 

□ 



1 

m 
1 
1 
1 

□ 

□ 



SU{2) U{1)b U{1)x U{1)r 



□ 
□ 
1 
1 
□ 
1 
1 



1 



iV+4 
1 

N-4 

N+2 
' N{N+4) 

N+2 
' N{N+A) 

J_ 

N 

N-2 
" N{N-A) 

N-2 
' N{N-A) 








N+i 
6 



2 ^ N-4 



Ar-4 1 I 3 
2 Ar+4 



N 

N-4 1 



N 





N+4 1 

N 2 

N+4 1 

N 2 



_ -I 2_ 

2 ^ N+4 

1 
2 

3 

Ar-4 

3 

N-4 



(6.47) 



with superpotential 



(6.48) 



where there is an additional discrete Zgcf(4,Ar) symmetry for even A'', which we omit from the 
charge table for simplicity, as it will not play a large role in our analysis. 

Phase I, Involution b 

We obtain the orientifold theory: 
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with superpotential 



^ — 2^y-^l -^12-^12^2 + 2 -^3-^34-^34^4 + ^^-^12-^23-^34-^41 ■ 



(6.49) 



(6.50) 



As before, there is an additional discrete Zgcf(4,Ar) symmetry for even N. 
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Phase II 

We obtain the orientifold theory: 
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with superpotential 



W — eijX\P2^T2^ + eijXlP^iTli + eijPi2T2iPzATl^ 
In this case, there is an additional discrete Zgcf(8,Af) symmetry for even 
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AT. 



Relationship between the different orientifolds 

One can show that the anomalies involving the continuous global symmetries match between 
all three theories considered above. In particular, the SU{2y\ SU{2)'^ U{l)x, U{1)^, U(l)^, 
U{l)lU{l)x, U{1)bU{1)% U{l)xUil)l, U{l)BUil)xU{l)R, U{1)b and U{l)x anomalies 
all vanish, whereas the other global anomalies are 
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(6.53) 



For odd N there are no discrete symmetries and therefore all three theories have match- 
ing global symmetry groups and anomalies. For even N not divisible by eight, the global 
symmetry groups again match between all three theories. However, by removing k D3 branes 
we can reduce N ^ N — 2k. Thus, consistency along the Coulomb branch rules out a duality 
between phase I and phase II for even N, since '^gci(8,N) 7^ ^gcf(4,Af) for = 8p. 

This leaves open the possibility of a duality between the two orientifolds of phase 1 for even 
N. However, one can show that the operator spectra do not match in this case. Specifically, 
we can compare the baryons of minimum R-charge in both theories: 
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Clearly the operators do not match each other, which is inconsistent with a duality between 
these two theories for even N. Moreover, in the phase II theory only integral is possible, so 
these operators have no dual there either, consistent with the mismatch in discrete symmetries 
explained above. Thus, we conclude that there are no dualities between the different theories 
for even N. 

For odd A'^, these issues do not arise, as the above operators are no longer well-defined, 
and only integral Qb is possible in all three theories. As an additional check that a duality 
can occur for this case, we again consider the baryons of minimal R-charge. For theory La, we 
find the baryons P^^-'^P^2^^ and P^^-'^P^^A'^, which transform as (m, -1, ±{N - 4), ^) 
under SU{2) x U{1)b x U{l)x x U{l)ii. Consistent with the proposed duality, we find that 
the theory Lb baryons (T^P^^P^i)"^ and (TiP^2P23)'^ have the same charges under the 
global symmetries, as do the theory II baryons P^(P^2-f23723)^ and P^(P|4P4iT4i)^, where 
the F-term conditions play a nontrivial role in the latter two cases. 

The duality between the two orientifolds of phase I is an intriguing new feature of this 
geometry which does not appear in the simpler examples we considered previously. We leave 
further discussion of it to a future work. 

7 Conclusions 

In this paper, we showed that the M = 1 gauge theories arising on D3 branes probing orien- 
tifolded Calabi-Yau singularities exhibit a rich class of gauge theory dualities not previously 
explored in the literature. We focused on a particular example of these dualities, correspond- 
ing to the well-known C3/Z3 singularity, providing extensive checks for the proposed duality, 
including anomaly matching, matching of discrete symmetries, moduli space matching, and 
matching of the superconformal indices. In some instances the matching of various quantities 
between the two theories follows from, or would imply, some remarkable mathematical iden- 
tities, see for example appendices F and G. Together, the success of these checks presents a 
compelling argument for the existence of a duality. 

In [38], we argue that this duality originates from the SL{2,7j) self-duality of type IIB 
string theory, and is therefore a close cousin of the more familiar Montonen-Olive duality of 
= 4 theories. In §3.2 we show that 5L(2,Z) then acts in the usual way on a particular 
combination of holomorphic couplings which is constant along the RG flow and which corre- 
sponds to the axio-dilaton of type IIB string theory. We conclude that the dual descriptions 
we find are different weakly coupled limits of a single theory — the theory of branes at the ori- 
entifolded singularity — valid for complementary ranges of axio-dilaton vevs. These features 
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make it clear that this N = 1 duahty is of a different type than the more usually considered 
Seiberg (infrared) duality. Rather, it is more closely analogous to Montonen-Olive duality, 
differing only by the reduced supersymmetry and consequently richer dynamics. 

As the axio-dilaton corresponds to a holomorphic combination of couplings which is RGE 
invariant, in general these theories will flow to a complex fixed line parameterized by the axio- 
dilaton. (We have demonstrated that this occurs in a specific example where part of the fixed 
line is perturbatively accessible.) The SL{2, Z) duality group therefore acts nontrivially on the 
fixed line, much as in the M = 1* theories already understood in the literature [34, 36], which 
are mass deformations of = 2 or A/" = 4 theories and inherit their SL{2, Z) duality directly 
from that of the parent theory. In certain special cases, however, the fiows corresponding to 
different values of the string coupling converge to a single fixed point. In these cases, one of 
which we discuss in the text, the SL{2, Z) duality gives rise to an infrared duality relating 
the two dual theories, both taken at weak string coupling as in ordinary Seiberg duality. 

The orientifolded C3/Z3 singularity is but one example among many geometries that 
exhibit these dualities. We expect that D3 branes probing any orientifolded Calabi-Yau sin- 
gularity will exhibit an SL{2,Z) duality so long as the 07 planes are compact, though in 
some cases it is only a self-duality. For example, the dPi singularity is a closely related 
geometry giving rise to a dual pair of gauge theories related to the C^/Zs theories by Hig- 
gsing (corresponding to blowing down a two-cycle in the dPi base). These theories exhibit 
interesting dynamics, such as a quantum-deformed moduli space for the lowest rank example 
which we were able to completely match between the dual theories. It would be interesting 
to understand the dynamics of these theories for larger A^. In [38] we provide infinite classes 
of geometries which generalize C3/Z3 and dPi, all of which exhibit similar dualities. 

In addition to SL{2, Z) dualities, more complicated geometries (such as the Fq singu- 
larity) also exhibit other interesting dualities. The simplest of these appear to be closely 
related to Seiberg duality, at least from the perspective of string theory, as we argue in [38] . 
However, from the field theory perspective, they are new (presumably infrared) dualities not 
readily derivable from the Seiberg duals known in the literature. We also find indications of 
further dualities whose string theoretic origin is unclear, such as the duality relating the two 
orientifolds of phase I of Y^'^. It would be interesting to better understand the nature and 
origin of these dualities. 

We anticipate that further study of these dualities will lead to new insights concerning 
both string theory and gauge theories. In particular, on the gauge theory side, our work helps 
to substantially expand the universe of known dualities to cases where product gauge groups 
play a pivotal role, and radically broadens the contexts in which SL{2,Z) dualities are seen 
to arise. The infinite variety of Calabi-Yau singularities provides plenty of room for further 
study, which could reveal further types of duality or further illuminate the dualities we have 
considered here. 

Finally, given a clear understanding of when dualities are expected to occur in string 
theory, it might be possible to construct examples of = dualities. Indeed, this has 
recently been attempted for the case where supersymmetry is broken by antibranes [94] . Our 
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work suggests a related program of dualities from anti-branes at Calabi-Yau singularities, 
or from branes probing SUSY-breaking singularities, such as non-supersymmetric orbifolds. 
While string theory seems to suggest that both cases should lead to SL{2,Z) dualities, this 
seems extraordinary from the field theory perspective, making it a natural topic for further 
research. 
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A Quiverfolds 

As the main focus of our paper is dualities relating gauge theories arising on the worldvolumes 
of D3 branes probing orientifolded Calabi-Yau singularities, it is useful to establish some 
general facts about these gauge theories. 

While D-brane gauge theories are quiver gauge theories, the introduction of 0-planes 
leads to a slightly more general class of theories which we refer to as "quiverfold" gauge 
theories. Quiverfold gauge theories admit more general gauge groups and matter content 
than quiver gauge theories. While quiver gauge theories allow only SU gauge group factors 
as well as adjoint and bifundamental (□, □) or (□,□) matter, quiverfold gauge theories also 
allow SO and USp groups, as well as two-index tensor matter and bifundamental matter in 
the (□,□) or (□,□) representations. 

Such gauge theories cannot be described by standard quiver diagrams (directed graphs), 
and we develop a more general diagrammatic notation in §A.3, which we call a "quiverfold 
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diagram" . One can show that any connected quiverfold diagram which is not a strict quiver 
can be thought of (in a precise way which we later make clear) as the result of "folding" a 
quiver in half along a line of Z2 symmetry, which is the inspiration for the term "quiverfold" . 

Before discussing quiverfolds in §A.3, we first motivate their introduction by "deriving" a 
set of rules for obtaining orientifold gauge theories from their parent (orientifold-free) quiver 
gauge theory in §A.l and applying these rules to a few simple examples in §A.2. As shown 
in [38] , these rules are equivalent to well-established results in the literature on orientifolding 
toric Calabi-Yau singularities using brane tilings [39]. While the brane tiling method has 
some computational advantages relating to the superpotential, our approach (following [95]) 
is somewhat more intuitive, and we focus on it here for that reason, deferring further discussion 
of brane tiling methods to [38] . 

A. l Orientifolding a quiver gauge theory 

We consider a quiver gauge theory describing a collection of D-branes probing some back- 
ground. Each node in the quiver corresponds to a stack of identical D-branes, with an 
associated U{N) gauge group. Arrows in the quiver, bifundamental matter in the quiver 
gauge theory, correspond to open strings stretched between the stacks of branes at their 
intersections. 

To this picture, we now add orientifold planes (0-planes). The associated involution, 
a, must map the background and the collection of branes onto itself (up to certain signs 
and orientations), and squares to the identity. Thus, the involution defines an order-two 
permutation on the nodes of the quiver. Moreover, the involution maps open strings to 
oppositely oriented open strings. Thus, the involution also defines an order-two permutation 
on the arrows of the quiver, such that for any arrow X : A ^ B connecting node A to node 

B, the arrow's orientifold image X' : B' ^ A' connects B' to A' , where A' and B' are the 
orientifold images of the nodes A and B, respectively. 

The observations of the last paragraph may be summarized as follows: 

Rule I: The 0-plane involution defines a Z2 automorphism of the quiver which 
reverses the directions of arrows. 

An example of the resulting involution is shown in figure 9. Note that not every quiver has an 
involution, in the sense defined above. A necessary condition is that the quiver be isomorphic 
to its charge conjugate (the same quiver with the arrows reversed). This corresponds to the 
fact that not all brane configurations can be orientifolded, since the branes must then come 
in image pairs under the involution. 

D-brane gauge theories generically come with a classical (tree-level) superpotential,^^ 
which is determined by the geometry and brane configuration. Since these objects are ap- 
propriately covariant under the involution, we conclude that the superpotential must also be 
appropriately covariant: that is, W — >• W , where W is equivalent to W up to some symmetry 

*^We restrict our attention to supersymmetric brane configurations and orientifolds. 



Figure 9. An example of an involution of a quiver. The quiver theory pictured here describes the 
toric PdP2 singularity [96]. 

transformation. In the examples which follow, we shall see that the appropriate restriction is 
in fact: 

Rule II: The superpotential of the parent theory is invariant under the involution. 

Notice that if we impose the same requirement on the (generally unknown) Kahler potential, 
this implies that the corresponding gauge theory has a color-conjugation symmetry. '^^ The 
orientifold theory results from identifying the chiral and vector superfields related by the 
involution. This can be restated as: 

Rule III: The orientifold gauge theory is derived from the parent theory by 
gauging the involution. 

Note that the above rules should only be interpreted at the classical level. For instance, the 
gauge group ranks compatible with anomaly cancellation are generally different in the parent 
and orientifold theories, corresponding to the tadpoles (RR charge) carried by the 0-planes. 

We have presented a heuristic argument (following [95]) for a set of rules relating the 
worldvolume theories of stacks of D-branes to the worldvolume gauge theories of their ori- 
entifolds. To the extent that these arguments hold, the above rules should be viewed as 
necessary (but potentially insufficient) conditions which must be satisfied by consistent ori- 
entifold involutions. We now illustrate these arguments with a pair of examples. 

A. 2 Examples 

A. 2.1 M = 4: orientifolds 

We consider the worldvolume gauge theory of N parallel D3 branes in flat space, which is 
= 4 SU {N) super- Yang-Mills. This theory has an A/" = 1 description with three adjoint 

^^Since in general there are multiple gauge groups, the theory can still be chiral (cf. [54]). 
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chiral superfields i G {1,2,3}, and the superpotential: 



(A.1) 



up to a superpotential coupling which can be removed by rescaling the fields. However, in 
this language only an SU{3) x U{l)ji subgroup of the SU{4)ii symmetry is manifest, where 
transforms as 111+2/3 • 

We consider orientifolds of this theory, imposing the rules from the previous section. We 
first consider the action of the involution on the gauge bosons. It is well known that only 
(products of) U{N), SO{N) and USp{N) gauge groups are possible in perturbative string 
theory. In particular, the involution must act on the gauge bosons as follows: 



(A.2) 



where M must be unitary to leave the gauge kinetic term invariant. Since the involution 
squares to the identity, we find MM* = ±1 so that = ±M. In the case where M is 
symmetric, it can be diagonalized by a gauge transformation, giving M = 1. The remaining 
unbroken gauge symmetry is SO{N), and we choose 



A 



-A' 



(A.3) 



to ensure that the invariant gauge bosons correspond to the generators of SO(N). Conversely, 
if M is antisymmetric, it can be put into the form 

/ 1 - A 
-1000 
0001 
00-10 



M = n = 



(A.4) 



and the remaining unbroken gauge symmetry is USp{N). We then choose the involution 

A nA^n (A.5) 

once again to ensure that the invariant gauge bosons correspond to the generators of USp{N). 
We now consider the action of the involution on the (adjoint) Weyl fermions e 1 ... 4: 



(A.6) 



where I acts on the gauge indices. Invariance under the remaining SO{N) or USp{N) gauge 
symmetry requires that X = 1 or X = 0, respectively, up to an overall factor which can be 
absorbed into A*- . Invariance of the kinetic term requires A*- to be unitary, which can be di- 
agonalized after an SU{4:)ji transformation, taking the form A*- = diag(±il, ±21, ±31, ±41). 
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For each positive (negative) eigenvalue of A*-, the corresponding Weyl fermion projects down 
to its invariant symmetric (antisymmetric) component. To preserve at least M = 1 super- 
symmetry, at least one sign must be —1 (+1) to form a vector multiplet with the SO{N) 
{USp{N)) gauge bosons, which we take to be (±4) WLOG. In A/" = 1 language, the remaining 
signs specify the action of the involution on the adjoint chiral superfields: 

^ Ail{<^^fT , (A.7) 

where A*- = diag(ibi, ±2, ±3). The superpotential transforms as: 



1 



= ^det(A)(±sp)'ei,fcTr$'=$^ci>^ 

= -(±Sp)det(A)H^, (A.8) 

where (±sp) is +1 (—1) for an 5*0 (USp) projection, so that II* = ±spl. Thus, invariance 
of the superpotential requires that 

(±Sp)(±l)(±2)(±3) = -l. (A.9) 

This is our first example of a "sign rule" [39]: a restriction on the form of the involution, and 
thus the spectrum of the orientifold theory, due to the requirement that W is invariant. 

In = 4 language, the above sign rule amounts to the requirement det A = 1, since 
±4 = — (ibsp). For an SO projection, the possibilities are A = diag(— , — , — , — ) and A = 
diag(+, +, — , — ), corresponding to the spectrum of an = 4 SO{N) gauge theory and 
an A/" = 2 SO{N) gauge theory with a hypermultiplet in the symmetric representation, 
respectively. Similarly, for the USp projection, the possibilities are A = diag(+, +, +, +) and 
A = diag(— , — , +, +), corresponding to the spectrum of an AA = 4 USp{N) gauge theory and 
an AA = 2 USp{N) gauge theory with a hypermultiplet in the antisymmetric representation, 
respectively. 

By comparison, D3 branes are mutually supersymmetric with coincident 03 and 07 
planes: N D3 branes atop an 03~ (03"*") gives rise to an A/" = 4 SO{N) {USp{N)) worldvol- 
ume gauge theory, whereas D3 branes atop an 07~ (07"^) gives rise to an AA = 2 USp{N) 
{SO{N)) worldvolume gauge theory, in agreement with the sign rule (A.9). This agreement 
relies on our choice of rule II as the correct restriction on the transformation of W under the 
involution. Had we imposed W — )• —W for instance, we would have obtained spectra with 
only M = 1 supersymmetry, which are not realized in string theory as the worldvolume gauge 
theory of a stack of D3 branes coincident with an 0-plane in a flat background. 

In fact, the geometric involution of the Op brane can be computed directly from the 
action of the involution on the open string fields, (A.7). We form gauge invariant single trace 
mesons: 

^ili2...i„ ^ ^j.^h^i2 (A. 10) 
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Upon imposing the F-term conditions, we obtain = 0, so that ^*i*2..-«n totally 

symmetric in its indices. Acting with the involution (A. 7), we obtain: 



(±Sp)A^^ (±Sp)A| ... (±sp)A^7 



(A.ll) 



modulo F-terms, where the extra signs itgp come from factors of Q,^ = —1 which appear in 
the trace for symplectic projections. Geometrically, corresponds to the coordinates of 
the in which the D3 branes are embedded. Thus, the geometric involution is simply: 



(±sp)a;.z^ 



(A.12) 



It is straightforward to check that this reproduces the 03 and 07 involutions for the = 4 
and M = 2 cases considered above. For example, choosing A = (—,+,+) with an SO 
projection, we obtain — )• —z^, z"^ ^ z"^, z^ ^ z^, corresponding to an 07 plane at z^ = 0, 
whereas choosing A = (+, +, +) with an USp projection, we obtain — )• — z*, corresponding 
to an 03 plane at the origin. 

To obtain the superpotential of the orientifold theory, we replace the fields with their 
projections: 



$^ -)■ 4>'I* , 

where invariance under the involution requires that 



A* 



(A.13) 



(A.14) 



so that for A = diag(ibi, ±2, ±3), (p^ is symmetric (antisymmetric) when itj is positive (neg- 
ative), as previously noted. Applying this replacement to the superpotential, we obtain 



(A.15) 



where for USp projections the trace implicitly includes factors of Q between each pair of fields, 
and we include an extra factor of 1/2 by convention, the overall normalization being arbitrary 
up to field redefinitions. Written out explicitly, we obtain: 



W 



-Tr 



/,3 j,2 il 



(A.16) 



while TrM = TrM'^ implies that Tr (p^ (p"^ (j)^ = (±sp)(±i)(±2)(±3)Tr (/)V^<^^'^ where the first 
sign (±sp)^ = (±Sp) comes from Jl^ = —Q,. Thus, imposing (A. 9), the superpotential reduces 
to 



W = Tr 



(,1^2 i 3 



(A.17) 



whereas imposing W' = —W and following the same procedure, we would obtain a vanishing 
superpotential. Moreover, the superpotential (A.17) is exactly that required by the extended 
supersymmetry of the corresponding brane configurations. 




Figure 10. The quiver for C'^/Zs, with the involution of interest indicated by the dashed hue. 
A. 2. 2 Orientifolds of C^/Zg 

Next, we consider D3 branes probing the orbifold singularity C'^/Za, with the orbifold 
action The resulting M = \ quiver gauge theory, shown in figure 4 (which we 

reproduce in figure 10 for convenience), is well known. The corresponding superpotential is: 

W = e,^u^X\^x{^Xl^, (A. 18) 

up to a superpotential coupling which can be removed by rescaling the fields. An SU (3) x 
U{X)r symmetry is manifest under which the transform as 0+2/3 • 

Applying the rules of §A.l, we search for orientifolds of this configuration. Inspecting 
the quiver, one can easily check that rule I implies that the involution must fix one node 
and exchange the other two. As the quiver has a Z3 symmetry, we take the fixed node to be 
node 1 WLOG. The action of the involution on the chiral superfields is then: 

X{^^k'^XMixf^l2^ Xh^^S23{Xi,f6*,,, Xl,^{A))Us2{xi,fll, (A19) 

where A and S are unitary matrices, 623 = 6J2 = 1 breaks SU {N)2 x SU {N)^ — t- SU{N), and 
Xi = 1 or 0,, depending on whether we choose an 5*0 or USp projection for the fixed node, 
respectively. Moreover, since the involution squares to the identity, = 1, so that S is both 
unitary and Hermitian. 

We compute the orientifold image of the superpotential: 

W^W' = 6,,,AVS^.,(A|0^TrTi(A|i)^53*2 523(^^;)^<^^3^32(Ai^2)^^i* 

= (±sp)6^,-;t AVS^.,(A|,)^TrXf;X^;X^; . (A.20) 

Therefore, invariance of the superpotential requires: 

eijk AVS^v(A|,)^ = -(±sp) e^'/fc' • (A.21) 

In fact, this is only possible if A = e*^S,'*^ where the phase factor can be removed by rotating 
Xi^ e^^/^Aja and X^^ e-^^l'^X\^ (1 eaving the superpotential invariant). Thus, we take 

''*In general whenever 7^ eijh^iiB^jiC^i oc ei'j'k', then A cc B,C. 
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A = S, where the invariance of the superpotential requires 

detE = -(±Sp). (A.22) 

After an SU{3) transformation, we obtain T, = diag(ibi, ±2, ±3), and the requirement that 
the superpotential be invariant takes the form of a sign rule: 

(±i)(±2)(±3)(±sp) = -l. (A.23) 

Thus, for an SO projection, there are two possible involutions S = diag(— ,— ,— ) and S = 
diag(— , +, +) up to an SU{3) transformation. The spectrum of the latter theory turns out to 
be anomalous for any choice of gauge group ranks, '^^ so we will focus on the first possibility. 
Similarly, for an USp projection, S = diag(+, +, +) and S = diag(— , — , +) are possible, again 
up to an SU{3) transformation, with the latter being anomalous for any choice of ranks. 

The anomalous orientifolds correspond to noncompact 07 planes, whereas the remaining 
possibilities correspond to compact 07 planes [40] . We verify this by computing the geometric 
involution. Consider mesons of the form: 

^ijk ^ rj.^ xl^xl^Xl^ . (A.24) 

Upon imposing the F-term conditions, we find that Z^^^ is totally symmetric in its indices. 
Applying the involution (A. 19), we obtain: 

Z^^>' ^ (±sp) ^,^^,Z''^''' = [(±sp)SV] [(±Sp)S^v] [(±Sp)Si] Z^'^''^' , (A.25) 

where the sign ztgp comes from the = — 1 which appears in the trace for USp projec- 
tions. The mesons Z^^ correspond to the coordinates z''z^ z ^ of C^/Zs; thus, we read off the 
geometric involution 

z' ^ (±sp) . (A.26) 

From this, it is easy to check that the anomaly- free orientifolds, (—,—,—) and (+, +, +) for 
SO and USp respectively, correspond to compact 07 planes, with the involution z^ — )• — z*, 
whereas the anomalous orientifolds, (—,+,+) and (+,—,—) for SO and USp respectively, 
correspond to noncompact 07 planes, with the involution — )• — z^, — )• z^, — )• z^. 
To derive the superpotential of the orientifold theory, we replace: 

^23 ^23 ' 

Xi, ^ Ss2 (A^fll , (A.27) 
where invariance under the involution requires that: 

B' = J:){B^f, (A.28) 
*^The anomaly can be cancelled by introducing noncompact "flavor" D7 branes into the geometry [40]. 
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so that for T, = diag(ibi, ±2, ±2), is symmetric (antisymmetric) when ibj is positive (neg- 
ative). Applying these replacements to the superpotential, we obtain: 

W = ^(det S) ei.k^^i TtA'B^{AY , (A.29) 

where for USp projections the use of in the trace is implicit. Since Tr M = Tr M'^, this can 
also be written as: 

W = (±sp)^(det S) a.k^^i ^iTiA'B^iAY = -(±sp)(detS) W . (A.30) 

Thus, as before, the sign rule (A. 22) is necessary to ensure that the superpotential of the 
orientifold theory does not vanish. 

For the cases S = diag(— ,— ,— ) and S = diag(+,+,+) for SO and USp projections, 
respectively, the superpotential simplifies: 

W = ^e,,j,A'A^B\ (A.31) 

where we leave the contractions of gauge indices implicit. The resulting theories have the 
same SU{3) x C/(1)k flavor symmetries as the parent quiver theory, and are discussed more 
thoroughly in §3. 

A. 3 General Quiverfolds 

In the simple examples discussed above, we applied the rules of §A.l in a straightforward 
(if tedious) fashion to rederive known results. We now discuss some general features of this 
program applied to arbitrary quiver gauge theories. Specifically, we show how to derive the 
gauge group and spectrum of the orientifold theory graphically using the quiver diagram, and 
define a suitable generalization of the quiver to represent these data. 

For the purposes of this discussion, we mainly ignore the superpotential, though we 
emphasize that rule II is generally very restrictive, and not all involutions of the quiver will 
leave the superpotential invariant. An explicit computation to check that W is invariant 
under the involution can be tedious, and for toric singularities the problem is well suited to 
brane tiling methods, as originally formulated in [39] and reviewed in [38]. 

Rule I implies that the quiver of the parent theory possesses a Z2 charge conjugation 
(arrow reversing) symmetry representing the involution in question. We embed the quiver in 
such that this symmetry is manifest as a reflection through a fixed line, as in figure 9.^^ In 
the resulting figure, fixed nodes must lie along the fixed line, and fixed edges will intersect it 
perpendicularly, whereas any unfixed edge which crosses the fixed line must intersect another 
edge (its image) at the point of crossing. 

To obtain the gauge group and spectrum of the orientifold theory we cut the plane in two 
along the fixed line, discarding one half of it and labeling each node and perpendicular (fixed) 

*®While this is always possible to do, in general there are many possible embeddings. For a fixed involution, 
all embeddings will give the same quiverfold, as discussed below. 
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(a) (b) (c) 

Figure 11. (a) An example of a quiverfold. The parent quiver is shown in figure 9. (b) The quiverfold 
can be redrawn without the fixed line using appropriate symbols, defined in (c). 

edge along the boundary with a sign. The resulting diagram on the half-plane, which we call 
a "quiverfold", specifies the gauge group and spectrum of the orientifold theory as follows: 
each node away from the boundary ("whole" node) corresponds to an SU gauge group, 
whereas each + (— ) node along the boundary ("half" node) corresponds to an SO (USp) 
gauge group. Each arrow away from the boundary ("uncrossed" (whole) edge) corresponds 
to bifundamental (□,□) matter in the usual way, while each arrow intersecting the boundary 
obliquely is joined to its image arrow to form an edge ("crossed" (whole) edge) with opposite 
orientations associated to each end, and corresponding to (□,□) or (□,□), depending on the 
orientation of the arrows. Finally, each + (— ) edge ending perpendicularly on the boundary 
("half" edge) corresponds to symmetric (antisymmetric) matter. 

An example quiverfold is shown in figure 11(a). As shown in figure ll(b - c), the quiver- 
fold can be drawn without the boundary line by using appropriate symbols to denote the fixed 
elements and crossed edges. From this perspective, a quiverfold is just an "enhanced" quiver, 
with a few additional representations and gauge groups allowed. Just as the worldvolume 
gauge theory on intersecting D-branes can always be represented by a quiver gauge theory, 
orientifolds of these configurations can always be represented by a quiverfold (to the extent 
that rule I holds), which is then a very useful tool for concisely stating the gauge group and 
spectrum. 

Note that some apparently different quiverfolds are isomorphic. In particular, any whole 
node of the quiverfold can be charge conjugated, yielding a new, equivalent quiverfold with 
different crossed and uncrossed edges; this corresponds to swapping the positions of a node 
and its image in the original Z2 symmetric embedding of the quiver. In a strict quiver, there 
is no analogous operation: since crossed edges are not allowed, charge conjugation can only 
be applied to the quiver as a whole. Furthermore, not every edge of a quiverfold is directed at 
both ends, since arrows entering and exiting half nodes are equivalent. Thus, edges connecting 
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a half node to a whole node have a single direction (they cannot be crossed), whereas edges 
connecting two half-nodes are undirected. Taking into account these isomorphisms,^'' it is 
straightforward to show that different embeddings of the same involution (with the same 
choice of fixed-element signs) lead to the same quiverfold. Moreover, given a quiverfold, it is 
possible to uniquely reconstruct the parent quiver and involution by embedding the quiverfold 
on the half-plane with fixed elements on the boundary, as above. 

It should be emphasized that just as a quiver is a direct pictorial representation of a 
certain class of gauge theories (quiver gauge theories), a quiverfold is also a direct pictorial 
representation of a certain (somewhat broader) class of gauge theories, which we call quiv- 
erfold gauge theories. Just as gauge invariant (mesonic) operators are directed loops in the 
quiver diagram, gauge invariant (mesonic) operators are loops in the quiverfold, subject to 
the requirement that the loop enter and exit each whole node on oppositely directed edges. 
However, in some cases the mesonic operator corresponding to such a loop vanishes due to 
symmetry (e.g. it takes the form Ti M where M is antisymmetric). 

While quiverfolds are useful for computing and representing the gauge group and spec- 
trum of a given orientifold, the set of involutions consistent with rule I is usually a superset 
of those involutions consistent with both rules I and II: as we saw in §A.2, the invariance of 
the superpotential imposes important constraints, such as the sign rules (A. 9), (A. 23) and 
(in the latter case) the alignment of the flavor rotations A*^ and S*^-. 

It is possible to reformulate rule II graphically by describing the parent gauge theory and 
the involution in terms of a brane tiling, rather than a quiver diagram. We refer the interested 
reader to [39] for further details and references. As shown in [38], this approach is equivalent 
to the one outlined here. Regardless of the method used to apply these rules, quiverfold 
diagrams provide an intuitive and precise representation of the gauge group and spectrum of 
the orientifold gauge theory, much like quiver diagrams for D-brane gauge theories. 

B Negative rank duality 

In this appendix we review a fact about continuing SU{N), SO{N) and USp{N) groups to 
negative rank that turns out to be very useful in the anomaly matching discussion in the 
main text. We refer the reader to chapter 13 in [97] for more details and further references. 
As we explain below, this continuation relates for example an SU{—N) gauge theory to an 
SU{N) gauge theory and is often referred to as negative rank duality although the two related 
theories are generically not dual in the physical sense. In particular the two related gauge 
theories have generically different anomalies. 

*^There is moreover an isomorphism between a crossed edge connecting a whole node to itself (or a whole 
edge connecting a half-node to itself) and two half edges of opposite sign and like orientation connected to the 
node in question. While the involutions which give rise these configurations appear different, they are related 
by a nonabelian flavor symmetry of the parent theory, and the resulting spectra are the same. 

**If the loop includes a half-edge, it doubles back on itself at this point, reentering the same node it just 
exited. 
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For an SU {N) gauge theory with matter in certain representation we can exchange sym- 
metrization and antisymmetrization (i.e. reflect the Young tableau across the diagonal) and 
at the same time replace with —N. This leads to a new gauge theory we denote SU{N). 
As was first noticed by [98], for SO{N) and USp{N) theories we can likewise obtain a negative 
rank dual theory by exchanging symmetrization and antisymmetrization and replacing the 
SO{N) symmetric bilinear invariant Sab by the USp{N) antisymmetric bilinear invariant Qab 
and replacing N by -N: SO{-N) ^ USp{N), USp{-N) ^ SO{N). 

In [97] it is proven that under these dualities any scalar quantity becomes the dual scalar 
quantity up to potentially an overall sign. In particular, if we have a matter field transforming 
in the representation r which has a Young tableau with p boxes and f denotes the transposed 
tableau obtained by a flip across the diagonal, then the dimensions of the corresponding 
representations are related by^^ 

dN{r) = i-iyd^Nif) . (B.l) 

Thanks to the theorems of [97] that we mentioned above, the proof is simple since we only 
need to determine the overall sign (—1)^: Any representation with p boxes in the Young 
tableau has a leading scaling that is given by A^^ so that the overall sign under changing 
N —7- —N is (—1)'', which gives the stated result. 

Below we study the anomalies of negative rank dual theories of a generic gauge theory 
(see [99] for related results). For that we need the transformation properties of the Dynkin 
index T{r) and anomaly coefficient A{r) under the negative rank duality. These are again de- 
termined by the leading scaling. Contrary to the dimension the Dynkin index and anomaly 
coefficient of the fundamental representation are independent of A^. However, similarly to the 
dimension any extra box in the Young tableau leads to an extra factor of A^ so that one finds 

TN{r) = i-iy-'T^Nif) , ^iv(r) = (-l)P-i^-^(f ) . (B.2) 

To prove this, we can again derive the leading A^ scaling by calculating the Dynkin index 
and anomaly coefficient for the tensor product of p fundamental representations. The Dynkin 
index r(r) is defined by (r;)™(r^^);^ = T{r)6''\ where the are the generators for the rep- 
resentation r. Taking the tensor product with another fundamental representation introduces 
a factor of A^ in T(r) and taking the tensor product of a fundamental with (p— 1) fundamental 
representation leads to the above result. Explicitly, for SU{N) we can choose one of the gener- 
ators in the fundamental representation to be Tpi = , ^ diagfl, 1, . . . , 1, — (A^— 1)), 

^ □ ^2((7V-l)2+Af-l) ' ' ' ' V 

which leads to T(n) = |. The leading A^ scaling for any representation with p boxes is the 
same as the leading A^ scaling for the tensor product of p fundamentals. Taking p — 1-times 
the tensor product of the above generator with Itv we obtain a generator for the representa- 
tion that is given by the tensor product of p fundamentals and we find the leading A^ term 

''^This statement only holds for representations with fixed, A'' independent p. In particular we should think 
of the anti-fundamental representation of SU{N) as having p = 1 and not p = N ~ 1 and similarly for the 
adjoint representation we take p = 2. 



T(r) oc NP^^, which is true for all irreducible representation of SU{N) with p boxes. Similarly 
one can explicitly work out the scaling for SO{N) and USp{N). For the anomaly coefficient of 
SU{N), we us the following result from [100]: A{rif^r2) = d(ri)A{r2) + d{r2)A{ri) . Together 
with the fact that A{\j) is N independent this leads to the leading scaling A{r) oc N^^^ 
which completes the proof. 

We now show that for any gauge theory the negative rank dual is free of gauge anomalies 
if all chiral matter representations have dimensions that are even under the negative rank 
dual i.e. whenever for every chiral field the number of all boxes in the Young tableaux of all 
gauge theories we are dualizing is even. Furthermore, the global anomalies of the two theories 
are related by replacing the rank of each gauge group factor we are dualizing with its negative 
and adding an overall minus sign whenever the global anomaly involves a non-abelian gauge 
group that is also being dualized. 

We take the combined gauge and global symmetry group to be G = U{l)i x . . .xU {l)m x 
Gi X . . . X Gn, where Ga are SU, SO or USp groups. We denote the chiral matters fields by 
the corresponding U{l)i charges by qf and the matter dimension by d{x) = Y[a=i '^(''x") 
where r^" denotes the representation of x under the group Ga- The U{1)^ and U{1) anomalies 
are given by 

C/(l). [/(I), U{1% = d{x)qfqfq^ , (B.3) 

X 

U{l), = Y,d{x)qh (B.4) 

X 

where the sums are over all chiral superfields x- Whenever all chiral matter fields satisfy 
d{x) = d{x), then the above anomalies are unchanged after dualizing any of the Ga- The 
C/(l) and G^ anomalies are 

Gl = y -^J^ . (B.6) 

^ d(4-)A{r^(Ga)) 

If Ga does not undergo a negative rank transition then the above anomalies are unchanged. 
In the case that Ga undergoes a negative rank duality we use the fact that T{r)/d{r) = 
—T{f)/d{r) and A{r)/d{r) = —A{r)/d{f) to find that both of the anomalies above pick up an 
extra minus sign. In particular this means that all the gauge and mixed anomalies that do 
not involve the R-symmetry still vanish after the negative rank transition. In our examples 



^"in the absence of an U{1)r symmetry a negative rank dual theory is also anomaly free if all matter 
representation have dimensions that are odd under the negative rank dual. In that case all global symmetries 
pick up an extra overall minus sign. 

^'^We assume for simplicity in the discussion below that the do not change sign under the negative rank 
duality. This condition can be relaxed so that for fixed i the , Vx change sign. This can lead to an extra 
overall minus sign in global anomalies involving U{l)i. 
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the global non-abelian gauge groups will not undergo a negative rank transition so that none 
of the global anomalies pick up an extra minus sign. They are simply given by replacing 
the ranks of all the gauge groups that undergo the negative rank duality with their negative 
ranks. 

Next we calculate the anomalies that involve the R-symmetry 

U{l)^U{l)l 

U{1),U{1),U{1)r 

Uil)R 

GIU{1)r 

Above d{G gauge) denotes the dimension of the entire gauge group (excluding the global sym- 
metry group) and T(Adj(j^) denotes the Dynkin index of the adjoint of Ga, if Ga is part of 
the gauge group. If Ga is part of the global symmetry group, then there are no gauginos 
that contribute and we have to set T(Adjg^) = 0. For the SU ^ SO and USp groups the 
group dimension has always even parity under the negative rank transition. Thus d{Ggauge) 
is even and as mentioned above r(AdjG^) is odd, if Ga undergoes the negative rank transi- 
tion since p = 2. This means that only the last of the anomalies above picks up an overall 
minus sign if Ga undergoes the negative rank transition. We thus conclude that all gauge and 
mixed anomalies vanish after the transition. In the case where none of the global non-abelian 
symmetry groups undergo a negative rank transition we can furthermore conclude that all 
anomalies of the negative rank dual theory are obtained by replacing the ranks of all gauge 
group factors that undergo the transition with their negative. 

A simple example of two negative rank dual theories has already appeared above in 
section 3. Both theories are related by taking the negative rank dual of both gauge group 
factors. The SO{N - 4) x SU{N) extrapolated to negative N is SO{-{N + 4)) x SU{-N) 
which dualizes to USp{N + 4) x SU{N). We also have to flip the Young tableaux so that the 
antisymmetric representation of SU{—N) becomes the symmetric representation of SU{N). 
The usefulness of this duality is that we did not have to calculate the anomalies in subsection 
3.1 for both theories, since they are related by changing the sign of N. Since the anomalies 
depend on A^(A^ — 3) which becomes A^(iV + 3) we see that the two negative rank dual theories 
are not dual in the physical sense since they have different anomalies. In this particular case 
the negative rank dual is however dual to the original theory after shifting the ranks of the 
gauge groups. 



Y^d{x){ql-lf+diGgauge), (B.7) 
X 

Y.d{x)q^iql-l)\ (B.8) 

X 

Y,d{x)q^qj{ql-l), (B.9) 

X 

Y^d{x){ql-l) + diGgauge), (B.IO) 
X 

E;#i^^(-x")(^^-i) + ^(AdjGj. (B.ii) 

X ^^^^ > 
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C Exactly dimensionless couplings 



Under very general assumptions, a sufficient condition for a holomorphic coupling to be 
constant along the RG flow is that it be neutral under all possible flavor symmetries, in 
particular those which are spurious and/or anomalous. 

We focus flrst on the case where there are no nonabelian flavor symmetries. Due to various 
nonrenormalization theorems (see e.g. [58]), holomorphic couplings are not perturbatively 
renormalized apart from the one-loop running of holomorphic gauge couplings. Thus, in the 
absence of nonperturbative renormalization of these couplings, holomorphic couplings are 
independent of scale, provided we replace the scale-dependent holomorphic gauge couplings 
r(//) with the holomorphic dynamical scale A = ^e^'^*'^^'^)/'', where b = 3r(Adj) — T(mat) is 
the one-loop beta function coefficient (if 6 = then A is ill-defined but r itself is independent 
of scale). 

However, non-holomorphic couplings are not likewise protected against renormalization, 
and in particular chiral superfields are subject to wave- function renormalization through 
corrections to the Kahler potential. Rescaling the chiral superfields to restore canonical nor- 
malization leads to rescaling anomalies which alter the values of the holomorphic couplings, 
leading to a nontrivial running for their physical (canonically normalized) counterparts. In 
particular, the rescaling may be realized as a complexification of a U{1) symmetry under 
which the chiral superfield in question is charged, whereas the corresponding U{1) may be 
spurious and/or anomalous, leading to a rescaling of the corresponding spurious (superpoten- 
tial couplings) and/or the holomorphic dynamical scale(s) of the gauge theory [58]. However, 
if a certain holomorphic combination of couplings is neutral under all of these C/(l)'s, then 
it is unaffected by the rescaling, and therefore the corresponding physical coupling is scale 
independent (has vanishing anomalous dimension). Such a coupling is exactly dimensionless 
if and only if it is classically dimensionless. This is readily shown to be equivalent to the 
requirement that the coupling is neutral under the U{1)r under which all chiral superfields 
carry charge +2/3. 

Thus, a holomorphic coupling corresponds to an exactly dimensionless physical (canon- 
ically normalized) coupling if it is neutral under all possible U{1) and U{l)ji symmetries 
(since an arbitrary U{l)ii is a linear combination of an arbitrary U{1) with the "canonical" 
U{l)ii considered above), under the (typically mild) assumption that none of the constituent 
couplings are nonperturbatively renormalized. While the converse need not be true, the ex- 
istence of an exactly marginal holomorphic coupling which violates these conditions imposes 
a nontrivial relation on the anomalous dimensions along the flow. Since anomalous dimen- 
sions typically cannot be computed exactly away from an infrared fixed point, computable 
examples without extended supersymmetry must satisfy these conditions. 

If the gauge group is semi-simple,^^ a straightforward counting argument gives the number 
A^'o of exactly dimensionless couplings of this type for a model with Nq (simple) gauge groups, 

^^If the gauge group contains a U{1) factor, then this argument still apphes so long as we consider a global 
U{1) with a nonvanishing '7(l)gaugcC^(l)giQbai anomaly to be a "good" (7(1). 
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Ny/ superpotential terms (each with a corresponding couphng), chiral superfields, and 
A^f/(i) hnearly independent "good" U{1) or U{l)ii symmetries (not broken by gauge anomahes 
or by the superpotential): 

NQ = Nui^^)+NG + Nw-{N^ + l). (C.l) 

The argument is as follows: there are A'^^^. + l linearly independent spurious and/or anomalous 
C/(l) or U{\)r symmetries in general, whereas the "good" ?7(l)'s are those under which the 
Ng + Nv/ holomorphic couplings are neutral, and can be represented by vectors of length 
A'^^ + 1 which are annihilated by the {Nq + N\\r) x (A'^,^ + 1) matrix of U{1) charges of the 
holomorphic couplings acting on the left. The rank of this matrix is therefore A^^^^, + 1 — Njjf^iy 
By contrast, an exactly dimensionless coupling is a product of holomorphic couplings which 
is neutral under all the C/(l)'s, and can be represented by a vector of length A''^ + Nw which 
is annihilated by the same matrix acting on the right. Since row rank and column rank are 
equal, the number of linearly independent vectors of this type is Nq + Nw — (A^x + 1 ~ ^U{i))i 
reproducing the above formula. 

These arguments must be modified to include any (potentially spurious) non-abelian 
flavor symmetries, since chiral multiplets with the same gauge quantum numbers are subject 
to kinetic mixing (unless forbidden by the global symmetries). In particular, the candidate 
combination of couplings must also be neutral under these non-abelian symmetries in addition 
to the U{\) and U{1)r symmetries as a sufficient condition for exact marginality. 

Let Gp denote the semisimple component of the spurious flavor symmetries. Since only 
G iT-singlet combinations of couplings can appear in our candidate exactly dimensionless cou- 
plings and the holomorphic gauge couplings are all neutral under Gp, we need only consider 
GiT-invariant combinations of superpotential couplings. We can then treat Gp as if it were 
gauged (without the corresponding gauge coupling). Thus, the above counting argument still 
holds, where now A^^ counts the number of irreducible Gp multiplets, Nw the number of 
independent Gp invariant combinations of superpotential couplings, and Nij(^i^ counts the 
number of "good" U{1) or U{1)r symmetries which commute with Gp. 

D Coulomb branch computation of the string couphng 

In this appendix, we provide a derivation of (3.18) for completeness. A similar computation 
can be done for gauge theories arising from more complicated geometries. 

To establish this result, we consider the SO{N — 4: + 2k) x SU{N + 2k) theory and switch 
on a mesonic vev, removing k D3 branes from the orientifold plane and breaking the gauge 
group down to SO{N — 4) x SU{N) x U{k), where the last factor corresponds to the M = A 
gauge theory on the k D3 branes. The holomorphic gauge coupling of U{k) is therefore equal 
to the ten-dimensional axio-dilaton, and by performing scale matching at each step of the 
computation, we can relate it to the couplings of the SO{N —A) x SU (N) theory, giving (3.18). 

We now sketch the details of this argument. For simplicity, we routinely drop numerical 
factors throughout the computation, only keeping track of the dependence on the couplings. 
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We aim to turn on a vev which breaks 

SO{N -4 + 2k)x SU{N + 2k) SO{N - 4) x SU{N) x U{k) , (D.l) 

corresponding to removing D3 branes from the orientifold plane. In particular, a suitable 
B vev will break SU{N + 2k) SU{N) x USp{2k), whereas an A vev will then break 
SO{N - 4 + 2k) X USp{2k) SO{N - 4) x U{k), since Higgsing a bifundamental breaks 
S0{2k) X USp{2k) — )■ U{k). For a suitable normalization of the U{\) component, we have 
the decomposition 

□ -;>n+ieS_i, (D.2) 

for both S0{2k) — t- U{k) and USp{2k) — t- U{k). Thus, decomposing yl* and into irreps of 
SO{N - 4) X 5C/(iV) X U{k), we find 

^ (□,□, 1) e (□, !,□+! en-i) e (i,n,n+i eS-i) 

e (i,i,m+2eB+2® AdjoeAdjoem_2eB_2) , (d.3) 

B ^ (i,g,i)e(i,n,n+ien_i)e (i, 1,0,^2 ®B-2®Adjo) , (D.4) 

for each of the three SU{3) "flavors" of each field, where Adjg denotes the reducible U{k) 
adjoint representation of dimension k"^, containing both singlet and trace- free irreps. 

We choose to turn on a vev for the singlet components of and B^ only, which implies 
that only components of these fields can be Higgsed.^'^ We have broken 3(2A^ — 3)A; + Bk"^ 
generators, therefore 

3(A. + 2km + 2t - 3) _ _ _ ^ m(N - 3) ^ ^^ ^^ 

chiral superfields remain unHiggsed. The only way to get the correct scaling with and k is 
if the unHiggsed fields are 

(□,n,i)e(i,B,i)e(i,i,Adjo), (D.6) 

coming from ^4^, B^, and a linear combination of the two, respectively. Thus, the matter 
content just below the Higgsing scale v is precisely: 

^^One can show by explicit computation that a vev of this type satisfies the D-term conditions. 
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where the unbroken flavor symmetry is SU{2) x f/(l)'^, with 

UilYn = U{1)r + diag^^^3^ Q, I, + diag^^^^^^^, . . . , -j^^^^y • • •) • 

(D.7) 

Note that, due to the unbroken global symmetries, the chiral superfields above and below the 
line cannot couple to each other at the renormalizable level. 

One can check that the ^7(1) C U{k) charged fields all receive masses at the scale Xv from 
the superpotential which descends from XAAB, as do two of the three Adjg SU{2) doublets, 
leaving 
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where we can now formally restore SU(3) x U{1)r invariance, and the superpotential now 
takes the form: 

W^X SijkS'^'Ai.^Ai.^B'''"'^ + X £,,-fcTV[$^$^$'=] , (D.8) 

where the vev (^>*) = v'l breaks SU{3) x U{l)n ^ SU{2) x but decouples from the 

other fields. The U{k) gauge group factor decouples from the rest of the theory and flows to 
an = 4 superconformal fixed point in the infrared. To make the enhanced supersymmetry 
manifest, we rescale $ — > A^^/^<I>, setting the superpotential coupling to 1 (up to a numerical 
factor) in the holomorphic basis. 

To determine the gauge couplings of the low energy theory, we compute the beta function 
coefficients b = 3TAdj — ^mat above, between, and below the scales v and Xv and apply the 
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scale matching relations. Above or below both scales, we have: 

650 = -18, bsu = 9, (D.9) 
whereas between the two scales we find: 

b'g^ = -l8-ik, b'su = 9-'ik. (D.IO) 
In either case, we have the scale matching relations 



so that 

if/\b \b-b' \ b 



(D.ll) 

{A'y = X''-'''A''. (D.12) 



a9 _ x4fcA9 A-18 _ \4fcA-18 mi-^^ 



Thus, in net 

Now consider the SU {k) C U {k) factor. We have 

hsu{k) = -HN -2) + mk), (D.14) 
between the scales v and , whereas scale matching at the scale v gives: 

/A \ -6(Af-2)-10A: /a \ -18 / a \ 18 

/ ^SU{k) \ _ ( ^^SO{N-A+2k) \ ( ^SU(N+2k) \ m 1 c;^ 

\~) ~\ V ) \ V ) ' ^""-''^ 

since the index of embedding [101] for SU{k) C S0{2k) is 1 whereas it is 2 for SU{k) C 
USp(2k) C SU{2k). Evaluating the holomorphic gauge coupling at the scale \v, we obtain 



1 /A \ -(6(Af-2)+10fc) 1 



^SO{N-i+2kY^SU(N+2k) 



(D.16) 

which can be rewritten as 

1 



■Tk,N = — In 



x6{Af-2)-2fc A -18 A 18 

^^SO{N-iY^SU{N) 



(D.17) 



using (D.13). Due to the vanishing of the beta function coefficient, the holomorphic gauge 
coupling does not run below the scale \v. However, rescaling to make = 4 supersym- 
metry manifest alters r due to a rescaling anomaly. We find: 



f = Tfc AT + — In A^'' = — In 
27ri 27rz 



X6{Af-2)A-18 A 18 

^ ^^SO{N-iY^SU{N) 



(D.18) 



Note that the dependence on k disappears. Moreover, (D.18) is also independent of A, which 
can be verified by applying (D.13). 



We ignore the (7(1) C U{k) henceforward for simplicity. 
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Since the holomorphic gauge coupling on D3 branes probing a smooth background is just 
Tiod evaluated in that background, we interpret (D.18) as the ten-dimensional axio-dilaton. 
Note that the result is independent of v, as expected from the constant axio-dilaton profile 
of the dual geometry at large N. 

The computation for the USp{N + 4) x SU (N) theory is closely analogous, and we obtain 
the result 



TlOd 



1 

2TTi 



In 



l6{N+2)]ilS A -18 

USp(N+4.y^SU{N) 



(D.19) 



in place of (D.18). However, at this point an important subtlety arises, since the factor inside 
the log is a perfect square. This can be rewritten as 

1 



TlOd 



but there is an ambiguity, since 



In \3(Ar+2)A9 X-9 



1 



In 



XHN+2)^9 _ - +1 

^^USpiN+iY^SUiN) ^ 



(D.20) 



(D.21) 



is also consistent with (D.19), depending on which sign we take for the square root. The 
resolution to this puzzle is that the two answers correspond to different types of 0-planes, 
much like the distinction between OS"*" and 03 planes in the = 4 examples discussed 
in S2. 



E Details of the super confer mal index for ^0(3) x SU{7) ^ USp{8) x ^f/(4) 

In this appendix we discuss some technical details of the computation of the superconformal 
index for the S0{3) x SU{7) -H- USp{8) x SU{4) dual pair. In §E.l we present some technical 

details related to the calculation of the SU (3) representation of (^-B^^^^ for the 5*0(3) x SU (7) 
theory whereas in §E.2 we present the rather lengthy results related to the calculation of the 
superconformal index for the USp{8) x S'[7(4) theory (cf. subsection 4.1). 

E.l A note on computing (bI^^^ efficiently 



In the simplest cases, the representation under the flavor group of the gauge singlets con- 
tributing to the superconformal index can be computed straightforwardly using a computer 
algebra program such as LiE [57]. However, the computation becomes more and more expen- 
sive as one studies larger and larger baryons, and already for ^iJ^^^^ direct computation 
becomes intractable. One can then use a different and more efficient method, which we now 
explain. 

The first observation is that B lives in a tensor product representation E(^F of SU{7) x 
SU{3). The m-th symmetric tensor product (in our case m = 21) representation of a tensor 
product decomposes as [102, 103]: 

Sym™(^®F)= LxE(^LxF. (E.l) 

|A|=m 
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Here we are summing over all partitions A of m (i.e. all standard Young tableaux with m 
boxes), and Lx is the Schur functor for A. This expression already provides an important 
simplification of the calculation, since F is the fundamental of SU{3), and thus LxF is just 
the SU{3) representation described by the Young tableau A. If A has more than 3 rows this 
terms vanishes, and we can ignore it in the sum. 

We are left with computing the number of singlets in LxE = with / the 

fundamental representation of SU (7). This can be done from general properties of plethysms. 
In particular, denoting by fi the 1 + 1 partition of 2 corresponding to the antisymmetric /\^, 
we can apply the formula [104]:^^ 

^^^^ = ^.Y1 ^('^) ® (/i) . (E.2) 

Here C{k) denotes the order of the elements of cycle class k in the symmetric group S\x\, Xk is 
the character of elements of cycle type k evaluated in the representation of S\x\ associated 
to A, and ^(k) is the number of parts (rows) of the partition k. This formula follows from well 
known facts, let us give a quick proof. It is convenient to switch to the representation in terms 
of symmetric polynomials [102], in which the left hand side of (E.2) is given by sx ° s^, with 
"o" is the plethysm operator, and sx and are the symmetric Schur functions indexed by 
the partitions A and fi respectively. Decomposing sx in terms of power symmetric functions 
Pk indexed by the partition k we have [102] : 

SA = ^ E C{k)x^^P.. (E.3) 

|K|=m 

Formula (E.2) now follows using = 11^=1 V^i , the fact that (ab) o c = {a o c){b o c), and the 
definition of plethysm with a fundamental power symmetric polynomial: pn o fJ-i-c) = /u(x"). 

The second simplification in the calculation now comes from observing that the tensor 
product of Adams operators appearing in this formula is actually independent of A. It also 
happens to be the most expensive part of the computation, so it just needs to be calculated 
once. Making this manifest, the final formula we computed is effectively: 

Sym^iE CSF) = ^ C{k) I V L,F 1 ( ^ k^M ) , (E.4) 





where the brackets indicate taking the singlet part only. 

E.2 Check of the superconformal index calculation for USp{8) x SU (4) 

In this section we present some rather lengthy results related to the calculation of the super- 
conformal index for the USp{8) x S'C/(4) theory (cf. 4.1). 



^^One could alternatively use the formula in example 1.8.9 of [102], in terms of generalized Kostka numbers. 
See also [105, 106] for similar formulas, and appendix F for a more analytic approach to the problem based on 
the discussion in [105-107]. 
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The fields that contribute to the superconformal index for the USp{N + 4) x SU (iV) 
theory are 



Field 






't P'vnoTiP'n"!' 


SU(2) 






□ 


3 AT ^ ' 


I + 1 




(l,m) 


□ 




z + 1 




(□,□) 


□ 




i + i 




(i,m) 


□ 


3 AT 


i + i 


.USp 
\l) 


(m,l) 


1 


1 + Z 


I® (1 + 2) 


pUSp 


(m,l) 


1 


2 + Z 


(z + i)e(/ + i) 


\i) 


(l.Adj) 


1 


1 + / 


/ - (/ + 2) 


psu 


(l,Adj) 


1 


2 + 1 


(z + i)e(/ + i) 



where the SU (2)^ column denotes the representation under the SU (2) group that is generated 
by J±,J3. 

For the special case of the USp{8) x SU (4) theory we find the following gauge invariant 
contributions for low powers of t: 



operator 


/ c-xpoucul 


2J;{ 


SU{:y) characlor 


(^(0))' 


2 
3 





X0,2(/) + X4,o(/) 




4 
3 





5xo,4(/) + 2xi,2(/) + 5x2,o(/) 

+3X3,l(/) + 3X4,2(/) + X8,0(/) 


(^(0))Vfo) 


4 
3 





Xo,i(/) + 3xo,4(/) + 4xi,2(/) + 3X2,o(/) 

+3X3,l(/) + X4,2(/)+X5,0(/) 


(^(0))1V'fo)]^ 


4 
3 





2xo,i(/) + 2xi,2(/) + X3,i(/) + X5,o(/) 


(Ao))'W)]' 


4 
3 





Xo,i(/) 


(i(0))3i(i) 


5 
3 


±1 


X0,2(/) + Xi,o(/) + 2X2,1 (/) + X4,o(/) 




5 
3 


±1 


Xi,o(/) + X2,l(/) 


Afoy(^(o))^ 


5 
3 


±1 


Xi,o(/) + 2x2,i(/) 




5 
3 


±1 


Xl,0(/)+X2,l(/) 








16 + 8xo,3(/) + 8xo,6(/) + 22x1,1 (/) + 13xi,4(/) 




2 





+42X2,2(7) + X2,5(/) + 12x3,o(/) + 19X3,3(/) 




+20X4,l(/) + 8X4,4(/) + 8X5,2(/) + 15x6,o(/) 
+2X6,3(/) + 4X7,l(/) + 3X8,2(/) + Xi2,o(/) 


Continued on next page 
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OTiPV?! tor 




2 /q 




(^(0))^Vfo) 


2 





16 + 28xo,3(/) + 5xo,6(/) + 54xi,i(/) + 27xi,4(/) 
+68X2,2(/) + 4X2,5(/) + 37x3,o(/) + 32x3,3(/) 
+41X4,1 (/) + 6X4,4(/) + 17X5,2(/) + 14x6,o(/) 

+ „( f) _l_ fivy -1 f 4- Y« of f ) + Yan(f) 
~Ab,.i\J ) ~ '-'AfiiVJ / ^ Ao,2VJ ) 1 Ay,UvJ / 




2 





6 + 35xo,3(/) + 52xi,i(/) + 21xi,4(/) 
+46x2,2(/) + 5X2,5(/) + 43x3,o(/) + 22x3,3(/) 

+35yzi ^i f \ + Ya a( f) + 13^^ o(f) + Ayr ni f) 
+X6,3(/) + 3X7,1 (/) + X9,0(/) 




2 





6 + 18Yn 'i( f) + 26yi i( f) + 7yi zif f ) 
+22y9 off) + 2yo ^f f ) + 21y'^ n( f ) + 7y'^ 3f f) 
+ 14X4 l(/) + 3X5 2(f) + 2X6 o(/) + X6 3(/) 


(^(o))'[^fo)]' 


2 





4 + 3x0 3(/) + 9X1 1(/) + XI 4(/) 

+9X2,2(/) + 3X3,0(/) + X3,3(/) + 2X4,l(/) + X6,0(/) 




2 





l+2Xl,l(/) + 2X2,2(/) + X3,0(/) 




2 





X3,o(/) 




2 





I 


\\SU]2 


2 





I 


^(O)V'fo) 


2 





1 + Xi,i(/) 


^(O)V'g) 


2 





1 + Xi,i(/) 


(^(0))^-S(o) 


2 





1 + Xi,i(/) 



where ()* denotes the symmetric tensor product and []* the antisymmetric tensor product. 
Taking into account the factor (—1)^ we find perfect agreement with (4.12). 

F On the decomposition of certain generalized Specht modules 

One of the arguments presented in section 3 for the agreement between the two dual theories 
relied on the matching of the flavor representation of baryons with minimal i2-charge between 
the two descriptions of the theory. In particular, we could argue that for all values of N the 
baryon A^~^ in the USp{N + 1) x SU{N - 3) theory transforms in the Sym(^~^)/2(m) 
representation of the SU{3) flavor group, where Sym^(i2) denotes the A:-th symmetric power 
of the representation R. We also argued, and checked in a number of examples, that there is 
a corresponding minimal i?-charge baryon of the form on the SO{N — 4) x SU{N) side, 
transforming in the same representation of the flavor group. The duality conjectured in this 
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paper then requires the group theoretical identity 

(Sym^ (B5^(^) (^nsuis))) = Sym(^-3)/2(m) (F.l) 

to hold (as representations of the flavor SU{3)), where the angle brackets denote taking 
the singlet part under SU{N). In this appendix we would like to demystify this expression 
somewhat by reformulating it as an statement about representations of the symmetric group 
Sn, and give some additional evidence for its validity based on this new viewpoint. The 
interested reader can find nice reviews of the required introductory material in [102, 104, 108]. 
We will also make use of the generalized Specht modules introduced by Doran in [107] (see also 
[105, 106]). We will show that in this context (F.l) follows from a conjectured decomposition 
of certain generalized Specht module into ordinary Specht modules. 

We start by using the decomposition of the symmetric power of a tensor product into a 
sum of ordinary tensor products [102, 103]: 

Sym^ {E(^F)= ^ LxE ® LxF , (F.2) 

|A|=7V 

where L\ is the Schur functor for the partition A, and the sum is over partitions of N . In our 
particular case we have E = \^u(^^-^ and F = Usu{2,)- Taking the SU{N) singlet part: 

(Sym^(i?®F)>= ^ {LxE)LxF. (F.3) 

|A|=7V 

We thus see that we are left to enumerate the A for which ^aB contains SU{N) singlets. As 
in appendix E, in order to do this it is convenient to work with symmetric polynomials [102] 
instead of directly representations, so we rewrite (F.3) as: 

(Sym^(i^®F)> ^ ^ {sxoe2)sx, (F.4) 

\X\=N 

where "o" denotes plethysm, s\ is the Schur symmetric function indexed by the partition A, 
and 62 is the elementary symmetric function or order 2 associated with the antisymmetric. 
Expanding sx into power symmetric polynomials ppi 

(Sym^(ii; ^ i^)> = ^ E E C'{p)xU {Pp o 62) sx , (F.5) 

• \X\=N\p\=N 

where p is a partition of A^, and as in (E.2) we have introduced the order C{p) of the cycle 
class p in S\p\ , and the character Xp of elements of cycle type p in the representation indexed 
by A. We can now use [105, 106, 109]: 

Pp 62= Yl Xp''"^^-' (I'-e) 

\k\=2N 

^^In this appendix, as in the paper, we will be assuming that TV is odd. 
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where k runs over partitions of 2N, and k' denotes the transpose of k. Xp is the character 
of cycles of type p in the generahzed Specht module S'^''^ [107], which we will describe further 
momentarily. (Notice that the formula given in [105, 106] acts on /12 rather than 62, but we 
can easily obtain (F.6) by acting with the involution oj exchanging 62 and /12 [102], which 
gives the transpose of k.) There is a single partition of 2N giving rise to a gauge singlet of 
SU{N), it is the partition 2N = 2 + 2 + . . . = 2^ (in standard notation for partitions). Taking 
into account that the transpose partition of 2^ is just N"^, we finally get: 

(Ppoe2) = xr'^. (F-7) 

Now, the generalized Specht module S^'^'^ is a (in general reducible) representation of the 
permutation group Sjsj, so let us write 5^^'^ = 0^ c^S''^ for its decomposition into irreducible 
representations of Sn, the Specht modules S'^, indexed by the partitions fj, of N. Using 
linearity of characters, we find that 

(Ppoe2) = EcMX^ (F.8) 
Plugging this back in (F.5), we obtain 

<Sym^(i?0F)>- E E E C{p)xU] s, 

M=N \x\=N \ ■ \p\=N ) (F.9) 

= E ^t^^i^ ' 

\i,\=N 

where we have used orthogonality of characters to set the term in parenthesis to We 
thus find the remarkably simple result that the flavor representation of our baryon is just the 
SU{3) representation associated to the generalized Specht module 5^^-^. 57 Furthermore we 
conjecture that the following decomposition holds for all N: 

SN^N^^g.^ (F.lO) 
k 

where k, runs over the three element partitions ki + K2 + 1^3 of N such that all Kj are odd 
numbers. Before presenting the evidence that we have found for this conjecture, let us show 
that this implies (F.l). The right hand side is given by [102, 103]: 

Sym(^-3)/2(m) = S\ (F.ll) 

|A|=W-3 

where the parts of the partition A are all even numbers. Using the fact that we are interested 
in representations of SU{3), we can restrict the sum to partitions with 3 parts at most (the 

^'^To each ordinary Specht module we can associate in the usual way the 5(7(3) representation with 
Young tableau A. Since 5*^ is a sum of ordinary Specht modules we associate to it the corresponding sum 
of SU{3) representations. 
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rest vanish as SU{3) representations). We also notice that since Kj G 2Z + 1 and Hi > 0, we 
have Kj > 1. Removing a column of three boxes on the leftmost column of a Young tableau 
gives rise to SU (3) isomorphic representations, so we may just as well send Ki ^ ki = Hi — 1, 
where now k is a partition of — 3 with all parts even. We have thus just obtained a natural 
isomorphism between (F.IO) and (F.ll) as SU{3) representations, as we wanted. 

Coming back to our conjecture (F.IO), we have found various pieces of evidence for its 
validity. First of all, direct computation (using LiE [57]) shows that the identity holds for all 
odd N between 3 and 21. More conceptually, it is possible to show (by using a straightforward 
modification of the straightening procedure based on Garnir elements, for example) that 
gN^,N -j-^^g ^ basis indexed by the semistandard tableaux of shape A^^ and weight 2^. On 
the other hand it is well known that any ordinary Specht module S'^ has a basis indexed by 
standard tableaux of shape A. So in order for the dimensions of the corresponding modules 
to match it should hold that the number of semistandard tableaux of shape iV^ and weight 
2^ should be the sum of the number of standard tableaux with shapes as in formula (F.IO). 
This enumeration task is well suited to a computer (we used SAGE [82]), and by direct 
computation it is easy to see that the dimensions match up to A^ = 45. 

G A conjectured identity for elliptic hypergeometric integrals 

In this appendix we will reformulate the conjecture (4.37), lusp = ^so, in terms of elliptic 
hypergeometric integrals, giving rise to a conjecture about elliptic hypergeometric functions 
that could perhaps be proven along the lines of [83] (we will not attempt to prove it in this 
paper). One point of mathematical interest is that, since the physical process behind our 
conjectured duality seems to be qualitatively different from ordinary Seiberg duality (this is 
particularly clear when formulated in string theory [38]), one may expect that (4.37) is a new 
fundamental identity between elliptic hypergeometric functions, independent from the one 
proven by Rains [83] . 

It is by now an standard exercise to reformulate the superconformal index in terms of 
elliptic hypergeometric functions (following [63]) so we will be somewhat brief. Let us start on 
the USp X SU side, which we wih parametrize as USp{2M) x SU{L) (so one has 2M = A^ + 1, 
L = A^ - 3, assuming that the dual theory was SO{N - 4) x SU{N)). The index (4.5) 
factorizes into: 



J USp Jsu 

As in [68], we have absorbed the contribution to the index coming from vector bosons into 
the integration measure. Explicit expressions can be found in [68], and we reproduce them 




(G.l) 
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here for the convenience of the reader, adapted to our notation: 
1 / / ^'i-^ dza \ f t t\\ 1 



SU{N) \^J^2TTiZa \X Xj I [] T {zf^Zc \ ' Z^) 

l<b<c<N 

^ dza {tx-tx){^;^) 



(G.2) 



JuSp{2N) iV!/iy47riZa r(z2,^-2) i r(zfeZ„ ^'^c"') ' 

l<fe<c<Af 

/ ^ (fr dzg (tx;te)(i;i) \ ^ 

l<6<c<Af 

where we have introduced the following standard special functions:^* 

T(u;t,x)= II — -T T— , G.5 

a,fe>0 
a>0 

{u;y) = ll{l-uyn. (G.7) 

a>0 

Finally, we have also introduced the short-hand notation 

r{u) = r{u;t,x) , (G.8) 

k 

r(ni,...,Wfc) = J]r(n,). (G.9) 

i=l 

The ordinary F function (i.e. the generalization of the factorial) will play no role in our 
discussion, so by F(m) we will always mean (G.8). 

We are left to evaluate the contribution 2g from the bifundamental, and the contribution 
2^ from the symmetric. Let us start by 2g. This fields transforms in the bifundamental of 
USp{2M) X SU{L), and accordingly its one-letter index is given by: 

Ut,x,f,z,,Z2) = [t^Xn-i^'-'^^Xn] ■ (G.IO) 

Here we have introduced the total character Xn = Xn(-2i)XB(-2^2)Xn(/)) and its conjugate Xn- It 

^*It is common in the literature to introduce the new variables p — tx, q = tx~^ , and express the integrals 
in terms of these, but we will keep using the t and x variables we have been using so far. 
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is convenient to expand these characters into elementary monomials: 

Xn = Xn{zi)Xn{z2)Xn{f) 



a,o,c ' a,o,c ' 

Where r/g is a monomial in the expansion, and q an unified index. The subindices denote 
projection of the group elements into the maximal torus, and for SU characters there are 
constraints of the form H 2^1,0 = Ij which we will not indicate explicitly in what follows. 
Expanding the denominator in (G.IO), we have: 



(G.12) 



a,b>0 q 

The plethystic exponent in (4.5) then becomes: 

00 ^ 

^□ = Efc^n(*''^''^l''^2',/') 
fc=l 
00 ^ 

E \ E - (G.13) 



k 

k=l a,b>0 q 



a,b>0 q 



1 - t''+^+-^x'^^^r]q 



and the superconformal index (4.5) 

■I^{t,x,zi,Z2,f) = exp(Eg) 

=nn 

q a,6>0 



1 _ / (G.14) 

= X{V{fVq). 

q 

where we have used the definition (G.5). Expanding r]q back from its definition (G.ll), we 
finally obtain: 

2o(t,x,zi,z2,/)=nnnrf^,-^) . (g.i5) 



- 85 - 



The 2^ contribution can be computed similarly, one just needs the group character for the 
symmetric of SU{N): 

N 

Xm(22) = Z2,iZ2,j + . (G.16) 

l<i<j<N i=l 

Proceeding as above, we get: 

2^(t,X,Z2,/) = n ( n ^{t''^2,^Z2Jc)]■(llr{fzyA . (G.17) 

c=l \l<i<j<L / \i=l / 

Plugging (G.15) and (G.17) into (G.l) one gets an explicit integral expression for the index 
in this phase. 

Going to the dual theory, let us parametrize the gauge groups by SO{2M + 1) x SU{N) 
(we have M = ^^y^)- The superconformal index is now given by: 

Isoit,X,f)= [dzi] / [dZ2] I^{t,X,Zl,Z2,f)In{t,X,Zl,Z2,f)- (G.18) 

Jso Jsu 

In order to compute the contributions to the index from the bifundamental and the antisym- 
metric we need the following group characters: 

M 

xr^*^+^)(zo = i+E(-M + -r:^)> (G.19) 

a=l 

X^^(^)(^2)= ^2,^2,,. (G.20) 

l<i<j<N 

Proceeding as above, one thus gets: 

Ut,x,zuZ2Jl = llflT{fz,if^)llr('^^,-^ , (G.21) 

, , , -, V Z2 b Zi nZ2 b / 

6=1 c=l a=l ^ ' 

Ig(t,X,Z2,/) = n ( n r(rZ2,.Z2,i/c)) , (G.22) 
c=l \l<i<j<L J 

and plugging these expressions into (G.18) gives the expression for the superconformal index 
in terms of elliptic hypergeometric functions, as desired. 

Now that we have the explicit expression in terms of elliptic hypergeometric functions, 
one is left to prove the identity (4.37). Given the physical interpretation of our duality as a 
strong/weak duality, a preliminary first step would be to prove the analogous index identity 
between S'0(2A^+1) and USp{2N) gauge groups in A/" = 4. To our knowledge a complete proof 
has not been found yet, although in [76] it has been shown that the relevant superconformal 
indices agree in a number of simplifying limits. 
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